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Abstract: Mycobacterium ulcerans (MU) has been recognized to be the cause of Buruli ulcer (BU). The
association between the ulcer and environmental exposure is identified as a potential factor of spreading BU. The
invariant region of the model is determined. In this paper, we explored the power of fractional order in BU SIR
model. We applied the Adams-Bashforth predictor corrector method to the proposed model. Numerical simulations
are presented to illustrate the benefit of introducing a fractional model.
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1. Introduction

Buruli ulcer(BU) disease is caused by infection with the environmental pathogen Mycobacterium ulcerans (M.
ulcerans) and largely affects the skin, often progressing without pain or fever to the patient [1]. The possibility of BU
being transmitted from person-to-person is not properly investigated, however infection is based on direct or indirect
contact with M. ulcerans in the environment. Studies have commonly implicated M. ulcerans with aquatic
environments [2, 3]; however, little is available on the ecology of the pathogen and its geographical distribution in
the environment [4]. Portaels, et al. [5] proposed an interesting hypothesis for a possible mode of transmission to
humans through water — filtering hosts (fish, mollusks) that cluster the MU bacteria available in water or mud and
then discharge them again to the environment. They are then ingested by aquatic predators including water bugs
which eventually transmit the disease through biting of humans [6]. The temperate and tropical environments
provide the best condition for water bugs to strive in freshwater. They prey, based on their size, on snails, small
fishes, mollusks and larvae of some insects they obtain with their raptorial front legs and bite using their rostrum.
Studies conducted in West Africa and other places have associated certain aquatic insects as probable candidate in
the transmission of MU from a natural source to humans [7, 8]. In the endemic areas in Ghana, water bugs are in
abundance particularly in swamps and rivers in which human activities including farming, fishing, bathing occur [6].
The effect of BU on affected communities is disturbing since BU brings about permanent disabilities relatively over
25% of its victims [9, 10].

Mathematical modeling in epidemiology offers new phase in understanding the spread of diseases, and it gives
suggestions how disease should be controlled [11]. A well-constructed mathematical model is capable of providing a
deeper insight into the process of disease transmission [12, 13]. Fractional calculus provides a broad frame work in
modeling technique in the context of epidemiology. For some recent work on fractional differential equations (see
[14, 15][. Currently, it has been established that several phenomena in diverse fields can be explained successfully
by the models applying fractional order differential equations [16]. Main assertion is that a fractional model can
bring about a more realistic explanation to natural phenomena.

In this paper, we take into account the fractional order SIR model which is connection with the evolution of
Buruli ulcer disease in human population. Qualitative dynamics of the model is determined and studied including the
basic reproduction number, R,. We present a detailed analysis for the asymptotic stability of disease-free and
positive fixed points. Numerical simulations are provided to authenticate the obtained results.

2. Model Derivation
In recent times, many definitions have come up of fractional derivatives [17, 18]. The Riemann- liouville
derivative is possibly considered as most common. This derivative of order ¢ is expressed as
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Where I is the gamma function and Nrepresents an integer. Following, Riemann- liouville derivative an
attractive definition was introduced by Caputo which is stated as
1 ¢ f"(s
Dta f (t) = J. (a—)n+1 '
I(n-a)3 (t—s)
The widely used definition is the one by Caputo due to its convenience for initial conditions of the differential

equations and widely application of real life situations. The unique characteristic is that Caputo’s derivative are in
similar form as the integer — order differential equations exhibit and its real life applications.

We state Grunwald- Letnikov (GL) definition as
(-1) m f (t-ih)
]

] - [(t—a)/h]
o D f(®)=Limh >
j=0
By algebraic manipulation the formula be simplified as

0 Dtay(tm) = h_azwﬁa)ym—j,
j=0

h is the time step and also W]-”are Grunwald - Letnikov coefficients established as

Wi =Q1-Q+a)/ )W, J=012,.., and Wy =h"". The model that we examine in this paper is a

fractional order SIR epidemic model with vertical transmission
Based on the described transmission dynamics of the Buruli ulcer, we take into consideration a constant human

population NH(t), the vector population of water bugs NV (t) and the fish population NF (t) at any time t. The total
human population NH(t) is divided into three compartments which are susceptible, infectious and recovered, with
each size denoted by SH(t), IH(t) and RH(t), respectively. Total population of vector (water bug) at any time t is
partitioned into two subclasses which are susceptible water bugs SV (t) and infected water bug IV (t). The total
population reservoir of small fish is also partitioned into two compartments of susceptible fish SF (t) and infected
fish IF (t). We also take into account the role of the environment and introducing a compartment U that represents

the density of Mycobacterium ulcerans in the environment.
The possible interrelations between humans, the water bug, fish and density of MU in environment is

represented by the schematic diagram Figure 1.

Figure-1. Proposed transmission dynamics of the Buruli ulcer among fish, the water bug and humans.
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The dynamics of the ulcer can be explained by the following set of nonlinear differential equations:
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We assume that all the model parameter are positive and the initial conditions of the model system (1) are stated as
$,(0)=5,(0)>0,1,,(0)=1,(0)>0,R,(0) =R, (0) >0
S,(0)=S,(0)>0,1,(00)=1,(0)>0,S-(0)=S-(0) >0,1-(0)=1-(0) >0,U(0) >0.
We can non-dimensionalise system (1) by letting
oS e Re oS UL N N

N, N, N, N, N- K N, N,
Giventhat S, +i, +1, =1s,+i, =1s, +i; =1,0<u <1, system (1) can be simplified to the following system
of equations:

ds ; i

d_th =(u, +0)1-s,)—6i, —m, S s,

di . :

d_th: 1:Bh3h|v_(:uh+7)lh’

d_::mlﬂv(l_lv)lf +77ﬂv(1_lv)u_'uvlv’ (2)
di, . .

E:ﬂf (1_|f)u_ﬂf|f1

d_u—5-| —uu

at i — MU,

. oN . . . .
Where o = TF . The parameter ,Bh is the effective contact rate between the infective water bugs (vector) and

susceptible humans, /3, is the effective contact rate between infected fish and susceptible water bugs (vectors) and
B is the effective contact rate between the susceptible fish and Mycobacterium ulcerans. The human recovery rate
is denoted by 7, @ is the rate of loss of human immunity, o is also the rate of shedding of Mycobacterium ulcerans
into the environment. The natural mortality of human, water bugs, fish and MU in environment are denoted by

M, M, 1, and 4, respectively. K is the environmental carrying capacity of the bacteria population and 7 is
the relative infectivity potential of the fish.
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In this paper, we discuss the model comprising fractional system of equations which is obtained by just

substituting an integer order derivative by a fractional derivative of order 0 < o <1.

In recent times, some great break- through have been made to the models of FDEs in diverse area of scientific world.
The nonlocal property of FDEs is the most significant property which does not appear to exist in the integer order
differential operators. By this property we stipulate that the subsequent state of a model rely not only upon its present
state but also upon all of its historical states. Now we establish the presence of fractional order into the ODE model
of the system (2). The fractional order introduced into system (2) is described by the following set of fractional order
differential equations:

Df'sy, = (1, +0)A—s,)— 0, —m, Sy,
D, =mAi, — (a4, + iy,
D&, =m,B,(1—i )i, +78,0—i,)u— i, 3)
DIy = f =i )u—uqig,
Dfu=¢6i, — uu,
where Dt”’ is the Caputo fractional derivative. Due to the fact that model (3) examines the dynamics of human

populations, all the parameters are presumed to be nonnegative. In addition, it can be proved that all state variables
of the model are nonnegative for all time t >0 (see, for example, Elbasha, et al. [19]).

Lemma 1. The closed set

Q:{(sh,ih,iv,if,u)eis+

L. . ) . oN,
Spo by, 0,u20,8, +i, =1,0<i, <1,0<i, <1,0<u<
Hi

is positively invariant with respect to model (3)
Proof. The fractional derivative of the total population, obtained by adding all the equations of model (3), is given

by
DIN(t) = 44, — £4,N(1) (1)
The solution to Eq. (3.1) is given by NN (t) = N(O)E,,, (—t”) +t“E, ., (—2t”), where
E .5 15 the Mittag-Leffler function. Therefore, all solutions of the model with initial conditions in € remain in Q

for all t > 0. Thus, region Q is positively invariant with respect to model (3).

3. Numerical Methods and Simulations

In view of the fact that most of the fractional-order differential equations exact analytic solutions cannot be
determined, approximation and numerical techniques must be employed. Numerous analytical and numerical
methods have been constructed to find solution to fractional order differential equations. For numerical solutions of
system (3), one can apply the generalized Adams-Bashforth-Moulton method. In order to obtain the approximate
solution by using this algorithm, we take into account the following nonlinear fractional differential equation [20,
21]

D y(t) = f(t, y(t)), 0<t<T,

y®(0) = y§, k=0,1,2,3,...m-1,  where m=[c],
This equation is equivalent to the Volterra integral equation
m-1 tk 1 t
1) => y 4 | (t—s)*"f(s,y(s))ds 4.1
YO =2 % F(a)l( ) (s,¥(5)) (4.1)

Diethelm et al. used the predictor-correctors scheme [20, 21], based on the Adams-Bashforth- Moulton
algorithm to integrate Eq. (4.1). By applying this scheme to the fractional-order model for childhood diseases, and

T
setting h = IR t =nh, n=0,12,,..,N eZ", system (3) can be discretized as follows [22, 23]:
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4. Discussion

In this paper, we take into account the fractional order model for Buruli ulcer. We have determined a stability
condition for both disease free and endemic equilibrium. We have also presented a numerical example and validated
our results. One should observe that although the disease free and endemic equilibrium are identical for integer order
and fractional order models, the solution of the fractional order model incline to the fixed point over a longer period
of time during simulations. Mention should be made again that when considering real life issues, the order of the
system can be obtained by utilizing the collected data. The conversion of a classical model into a fractional one leads
it to be very sensitive to the order of differentiation o : a very small alter in o may result in a huge change in the
final result.

Following [24], Figure 2 indicates that S, drops substantially in a relatively small period of time. Figure 3
depicts that a small change in «a exhibits a vast change in the result. In Figure 4, 5 and 6 also show similar results that
even a simple fractional model would lead to better result. Figure 7 shows i, (t),1, (t),1, (t) of model (3) at a.=1,

and they form the infective compartments together with the environment.
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Figure-2. S, (t) for ¢ =1.0,0.9,0.8 and U, =4.5x107°; 7, =1.6x107°;6, =1x107;m, =1.95;
m, =0.95; 3, =0.75; 3, =0.86.77 = 2.62; B, =0.83;u, =3x107*;u, =0.93;6 =0.68;u, =0.90
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Figure-3. i, (t) for & =1.0,0.9,0.8 and U, = 4.5%x10°, 5, =1.6x10°;6, =1x102;m, =1.95;
m, =0.95; 3, =0.75, 8, =0.86 .77 = 2.62; 8, =0.83;u, =3x107*,u, = 0.93:6 =0.68:u, = 0.90
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Figure-4. 1, (t) for  =1.0,0.9,0.8 and U, = 4.5x107°;y, =1.6x10°;6, =1x107%;m =1.95;
m, =0.95; 3, =0.75; 3, =0.86;17 = 2.62; 8, =0.83;u, =3x10";u, =0.93;5 =0.68;u, =0.90
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Figure-5. i, (t) for & =1.0,0.9,0.8 and U, = 4.5x107°;7, =1.6x107°:4, =1x1072;m, =1.95;
m, =0.95; 3, =0.75; 3, =0.86; 7 = 2.62; B, =0.83;u, =3x10"*;u, =0.93;5 =0.68;u, =0.90
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Figure-6. U(t) for & =1.0,0.9,0.8 and U, =4.5x107°;y, =1.6x10°;6, =1x107%;m =1.95;m, =0.95
.3, =075, =0.86:7=2.62; 5, =0.83;u, =3x10*:u, =0.93;6 =0.68;u, =0.90.
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Figure7. 1, (t),1,(t),i;(t) for =10 ad u, = 4.5X10_5;]/h 21.6><10_5;49h =:|.><:|.0_2;m1 =1.95;
m, =0.95; 3 =0.75: 3, =0.86:5 = 2.62; f, =0.83:u, =3x10%.u, =0.93;5 = 0.68:u, = 0.90
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