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Abstract: In this paper, we determine the spectra of graphs obtained by appending  end vertex to all 

vertices of a defined class of graphs called the base graph. The end vertices allow for a quick solution to 

the eigen-vector equations satisfying the characteristic equation, and the solutions to the eigenvalues of 

the base graph arise. We determine the relationship between the eigenvalues of the base graph and the 

eigenvalues of the new graph as constructed above, and determine that if  is an eigenvalue of the base 

graph, then  is an eigenvalue of the constructed graph. There has been much interest 

in spectra of graphs with the golden ratio property (graphs having eigenvalues  

or  of the adjacency matrix).  We then determine that if  is an 

eigenvalue of the base graph, then is an eigenvalue of the graph constructed by adding one 

end vertex to each of the vertices in the base graph. Similarly, if  is an eigenvalue of the base 

graph, then is an eigenvalue of the graph constructed by adding one end vertex to each of 

the vertices in the base graph. 

Finally, we determine the spectra for such graphs where the base graph is one of the well-known classes 

of graphs, namely the complete; complete split-bipartite, cycle, path, wheel and star graphs. There has 

been much interest in regular graphs with four distinct eigenvalues of the adjacency matrix – see van Dam 

[2]. In this paper we also determine the spectra of a non-regular class of graphs with diameter 3, which 

has 4 distinct eigenvalues; namely the complete sun graph which consists of the complete graph with end 

vertices appended to each of its vertices.  

The energy of a graph, defined as the sum of the absolute values of the eigenvalues of the adjacency 

matrix of the graph, is related to the sum of -electron energy in a molecule, represented by a molecular 

graph, where the vertices represent the atoms and the edges represent the bonds between the atoms. See 

[3]. We also determine the energy of the graph, constructed from the base, graphs for each of the above 

classes of graphs.   

Keywords: Spectra of graphs; Golden ratio; Graphs with small number of distinct eigenvalues; Graphs with many 

end vertices; Energy of graphs. 

AMS Classification: 05C50 
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1. Introduction 
There has been much interest in spectra of graphs with the golden ratio property (having eigenvalues 

2

15
618.1


  or 

2

15
618.0


 see [1]) and in regular graphs with four distinct 

eigenvalues of the adjacency matrix (see [2]). In this paper we determine the spectra of a non-regular class 

of graphs with diameter 3, by appending end vertices to each of the vertices of a base graph. We then 

determine that whenever one vertex is appended to certain graphs, the result is a graph with the Golden 

ratio property. 

Generally, we determine the spectra of graphs obtained by appending h  end vertex to all vertices of a 

defined class of graphs called the base graph. The end vertices allow for a quick solution to the eigen-

vector equations satisfying the characteristic equation, and the solutions to the eigenvalues of the base 

graph arise. We determine the relationship between the eigenvalues of the base graph and the eigenvalues 

of the new graph as constructed above, and determine that if   is an eigenvalue of the base graph, then 

2

42 h



  is an eigenvalue of the constructed graph.  

We then determine that if 1  is an eigenvalue of the base graph, then 
2

51
 is an 

eigenvalue of the graph constructed by adding one end vertex to each of the vertices in the base graph. 

Similarly, if 1  is an eigenvalue of the base graph, then 
2

51
 is an eigenvalue of the graph 

constructed by adding one end vertex to each of the vertices in the base graph. 

Finally, we determine the spectra for such graphs where the base graph is one of the well-known 

classes of graphs, namely the complete, complete split-bipartite, cycle, path, wheel and star graphs. We 

also determine the energy of the constructed graph for each of these classes of graphs.   

 

2. End Vertices Appended To Each Vertex in a Graph  
Let the generalized sun graph ),( phGSun  be a graph which consists of the base graph G on p

vertices, with h end vertices appended to each of the p  vertices in the graph G . Then the graph 

 phGsun ,  has  1 hpn  vertices, and the  nxn  adjacency matrix of ),( phGSun  is: 
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Theorem 2.1 

If j  are the eigenvalues of  GA , pj 1 , then  
2

4
,

2

212

hjj

jj





    

are two eigenvalues of  ),( phGSunA , pj 1 . The remaining  1hp  eigenvalues of  ),( phGSunA  

are 0 . 

Proof 

Let  nxxxxx ,...,,, 321  be an eigenvector of  ),( phGSunA , with eigenvalue  . Then we have: 

  xxphGSunA ),(  
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where  kGA is the k the row of  GA . For equation k  above, pk 1 , substitute equations 

     khpkpkp  ,...,2,  back into equation )(k  , to get 

    k

h

i

kip

T

pk xxxxGA 




1

1,...,  

       kkkk

T

pk xxxxxxGA 


 ...
1

,...,1
 

    
kk

T

pk xx
h

xxGA 


,...,1
 

    
k

T

pk x
h

xxGA 










,...,1  

Therefore 











h

 is an eigenvalue of  GA  corresponding to eigenvector  
pxx ,...,1 , and  

j

h



 








 , for some j , pj 1 , where j  is an eigenvalue of  GA , 

02  hj   

 
2

4
,

2

212

hjj

jj


 


 . 

The remaining    121  hpphp  eigenvalues of  ),( phGSunA  are 0 . □ 
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Corollary 2.1 

If 1  is an eigenvalue of  GA  for graph G , then  

2

51
  are two eigenvalue of  ),1( pGSunA , and these eigenvalues satisfy the golden ratio property. 

If 1  is an eigenvalue of  GA  for graph G , then  

2

51
  are two eigenvalue of  ),1( pGSunA , and these eigenvalues satisfy the golden ratio property. 

Proof 

Now if 1  is an eigenvalue of  GA , then from Theorem 2.1,   

2

51
  are two eigenvalue of  ),1( pGSunA , and they satisfy the golden ratio property. 

Now if 1  is an eigenvalue of  GA , then from Theorem 2.1,   

2

51
  are two eigenvalue of  ),1( pGSunA , and they satisfy the golden ratio property. □ 

Corollary 2.2 

For the generalized sun graph  phGSun , ,  

   phGSunA ,det  det
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. 

 

To determine the determinant of   phGSunA , , expand along the  thp 1  row of   phGSunA , , with all 

entries equal to zero except for the  thp 1,1 entry which is 1. Then    phCSunA ,det    1

2
det1 H

p
  

where    phGSunAH i ,det  after deleting rows  and deleting columns ikk 1; . 

Now expand along the  thp 1  row of 1H , with all entries equal to zero except for the  thp 1,1 entry which is 

1. Then  

   phGSunA ,det             2

22

2

22
det1det11 HH

ppp 
  . 

Repeat for another  2p  iterations to get  

   phGSunA ,det            p

pp

p

pp
HH det1det1

22 2
  . 

ijjp  1;
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where  phGSunH p ,  after deleting rows pjjp  1;  and deleting columns pkk 1; , i.e. 






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







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,,,

,,,

,,,

000
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







. 

Now if 1h  then ppp IH ,  and     1detdet ,  ppp IH  . 

Therefore,    phGSunA ,det  












otherwise

oddpandhfor

evenpandhfor

0
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 □ 

Theorem 2.2 

The energy of the generalized sun graph ),( phGSun  is 

  



p

i

j hphGSunE
1

2
4),(   where j  are the eigenvalues of  GA . 

Proof 
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j  where j  are the eigenvalues of  ),( phGSunA  

 
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
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


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
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
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1
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4

2
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  



p

j
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1

2
4  where j are the eigenvalues of  GA . □ 

3. The Spectrum of the Complete Sun Graph 
Let  be the complete sun graph  phCompSun ,  which consists of the complete graph pK , with h end 

vertices appended to each of the vertices in pK .  Then  phCompSun ,  has  phn 1  vertices and 












h

p
p

2

1
 edges. Then the  nxn adjacency matrix of  phCompSun ,  is: 
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Theorem 3.1 

The eigenvalues of  phCompSun ,  are 

 
2

411 h
  with multiplicity 1p , 

 
   

2

411
2

hpp 
  with multiplicity 1, and 

G

p



 Academic Journal of Applied Mathematical Sciences, 2016, 2(7): 56-69 

 

61 

0  with multiplicity  1hp . 

Proof 

The eigenvalues of  
pKA are  

1  with multiplicity 1p , and   

1 p  with multiplicity 1 .  

See Jessop [4]. 

Therefore, from Theorem 2.1, the eigenvalues of   phCompSunA ,  are 

2

411 h
  with multiplicity 1p  

   
2

411
2

hpp 
  with multiplicity 1 . 

The remaining    121  hpphp  eigenvalues of   phCompSunA ,  are 0. □ 

Corollary 3.1 

There are  12 p  eigenvalues of   pCompSunA ,1  which satisfy the golden ratio property. 

 Proof 

As 1  is an eigenvalue of  
pKA  with multiplicity 1p , then by Corollary 2.1, 

2

51
  are two eigenvalues of   pCompSunA ,1 , each with multiplicity 1p  which satisfy the golden 

ratio property. □ 

And from Corollary 2.2, we get 

Corollary 3.2 

For the complete sun graph  phCompSun , ,  

   phCompSunA ,det det
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Theorem 3.2 

The energy of the complete sun graph is 

 ),( phCompSunE       hphp 41411
2
 . 

 Proof 

From Theorem 2.2, 

 ),( phCompSunE   



p

j

j h
1

2
4  where j are the eigenvalues of  

pKA . 

      hphp 41411
2
 . □ 

 

4. The Spectrum of the Complete Split-Bipartite Sun Graph 
Let G  be the complete split-bipartite sun graph  phBipSun ,  which consists of the complete split-bipartite graph 

2
,

2

ppK , with h end vertices appended to each of the vertices in 

2
,

2

ppK .  Then  phBipSun ,   has  phn 1  

vertices and ph
p


4

2

 edges. Then the  nxn adjacency matrix of  phBipSun ,   is: 

p
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Theorem 4.1 

The eigenvalues of   phBipSunA , are 

 
4

162 hpp 
   with multiplicity 1 

4

162 hpp 
  with multiplicity 1 

 h with multiplicity
 

2p , and 

0  with multiplicity  1hp . 

Proof 

The eigenvalues of 














2
,

2

ppKA are  

2

p
  with multiplicity 1, and   

0  with multiplicity 2p .  

See Jessop [3]. 

Therefore, from Theorem 2.1, the eigenvalues of   phBipSunA ,  are 

4

16

2

4
22

2

2

hpp
h

pp






















  with multiplicity 1  

4

16

2

4
22

2

2

hpp
h

pp























  with multiplicity 1  

   
h

h





2

400
2

  with multiplicity 2p . 

The remaining    121  hpphp  eigenvalues of   phBipSunA ,  are 0. □ 

Corollary 4.1 

Four eigenvalues of the adjacency matrix of the complete split-bipartite sun graph )2,1(BipSun have the golden 

ratio property. 

 Proof 

Setting 1h and 2p  in Theorem 3.1, we have

2

51

4

1622

4

16 22









hpp

  with multiplicity 1 and 
2

51

4

162






hpp

  

with multiplicity 1. These eigenvalues have the golden ratio property.  

 □ 

 

And from Corollary 2.2, we get 
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Corollary 4.2 

For the complete split-bipartite sun graph  phBipSun , , 

   phBipSunA ,det  




 

otherwise

hfor

0

11
. 

Theorem 4.2 

The energy of the complete split-bipartite sun graph is 

 ),( phBipSunE     hphp 22162  . 

Proof 

From Theorem 2.2, 

 ),( phBipSunE   



p

j

j h
1

2
4  where j are the eigenvalues of 















2
,

2

ppKA . 

    hph
p

h
p

424
2

4
2

22


















 .  

    hphp 22162  . □ 

 

5. The Spectrum of the Caterpillar Graph 
Let G  be the caterpillar graph  (which is the same as the path sun graph), which consists 

of the path graph pP , with h end vertices appended to each of the p  vertices in pP .  Then ),( phrCaterpilla  

has  vertices and   hpp 1 edges. Then the  nxn adjacency matrix of ),( phrCaterpilla  is: 

 

. 

Theorem 5.1 

The eigenvalues of ),( phrCaterpilla  are 

  22,12  kk  h
p

k

p

k






















1
cos

1
cos 2 

, where pk ,...,1 , and 

0  with multiplicity  1hp . 

 

Proof 

The eigenvalues of  
pPA are  













1
cos2

p

k
  , pk 1 . 

See Jessop [3]. 

Therefore, from Theorem 2.1, the eigenvalues of   phrCaterpillaA ,  are 

h
p

k

p

k
h

p

k

p

k


























































1
cos

1
cos

2

4
1

cos2
1

cos2

2

2





  , pk 1 . 

The remaining    121  hpphp  eigenvalues of   phrCaterpillaA ,  are 0. □ 

),( phrCaterpilla

 phn 1

 

 























pppppp

pppppp

ppppp

I

I

IIPA

phrCaterpillaA

,,,

,,,

,,

00

00
),(











 Academic Journal of Applied Mathematical Sciences, 2016, 2(7): 56-69 

 

64 

Corollary 5.1 

Two of the eigenvalues of   prCaterpillaA ,1 with 13  lp  ,...2,1l , have the golden ratio property. 

 Proof 

Let 13  lp  ,...2,1l , . Then the eigenvalues of  13 lPA  are 






















l

k

p

k

3
cos2

1
cos2


   131  lk , with multiplicity 1 . 

Setting lk  , we get 

1
3

cos2
3

cos2 





















l

l
. 

 Then, by Corollary 2.1, 

2

51
  are two eigenvalues of   13,1 lrCaterpillaA  ,...2,1l  which satisfy the golden ratio property. 

  □ 

 

And from Corollary 2.2, we get 

Corollary 5.2 

For the caterpillar graph ),( phrCaterpilla ,  

  ),(det phrCaterpillaA












otherwise

oddpandhfor

evenpandhfor

0

11

11

. 

Theorem 5.2 

The energy of the caterpillar graph is 

 ),( phrCaterpillaE   














p

k

h
p

k

1

2

1
cos2


. 

 Proof 

From Theorem 2.2, 

 ),( phrCaterpillaE   



p

j

j h
1

2
4  where j are the eigenvalues of  

pPA . 

  



























p

k

h
p

k

1

2

4
1

cos2


.  

  














p

k

h
p

k

1

2

1
cos2


. □ 

 

6. The Spectrum of the Cycle Sun Graph 
Let G  be the cycle sun graph  phCycleSun ,   which consists of the cycle graph , with h end vertices 

appended to each of the p vertices in pC .  Then  phCycleSun ,  has  vertices and  ph 1  

edges. Then the  nxn adjacency matrix of  phCycleSun ,  is: 

  

 























pppppp

pppppp

ppppp

I

I

IICA

phCycleSunA

,,,

,,,

,,

00

00
,









. 



pC

 phn 1
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Theorem 6.1 

The eigenvalues of   phCycleSunA ,  are 

 h
p

k

p

k























2
cos

2
cos 2

, where 1,...,1,0  pk , and 

0  with multiplicity  1hp . 

Proof 

The eigenvalues of  
pCA are  











p

k


2
cos2  10  pk . 

See Jessop [3]. 

Therefore, from Theorem 2.1, the eigenvalues of   phCycleSunA ,  are 

h
p

k

p

k
h

p

k

p

k

























































2

cos
2

cos
2

4
2

cos2
2

cos2

2

2

 , 10  pk . 

The remaining    121  hpphp  eigenvalues of   phCycleSunA ,  are 0. □ 

Corollary 6.1 

Two of the eigenvalues of   pCycleSunA ,1 lp 6 , ,...2,1l ,  satisfy the golden ratio property. 

 Proof 

Let lp 6  ,...2,1l , . Then the eigenvalues of  lCA 6  are 











l

k

6

2
cos2


  lk 60  , with multiplicity 1 . 

Setting lk  , we get 1
6

2
cos2 










l

l
 . 

 Then, by Corollary 2.1, 

2

51
  are two eigenvalues of   lCycleSunA 6,1 ,...2,1l  which satisfy the golden ratio property.  

 □ 

And from Corollary 2.2, we get 

Corollary 6.2 

For the cycle sun graph  phCycleSun , , 

   phCycleSunA ,det 












otherwise

oddpandhfor

evenpandhfor

0

11

11

. 

Theorem 5.2 

The energy of the cycle sun graph is 

 ),( phCycleSunE   














1

0

2 2
cos2

p

k

h
p

k
. 

Proof 

From Theorem 2.2, 

 ),( phCycleSunE   



p

j

j h
1

2
4  where j are the eigenvalues of  

pCA . 
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  



























1

0

2

4
2

cos2
p

k

h
p

k
.  

  














1

0

2 2
cos2

p

k

h
p

k
. □ 

 

  

7. The Spectrum of the Wheel Sun Graph 
Let G  be the wheel sun graph ),( phWheelSun  which consists of the wheel graph pW , with end vertices 

appended to each of the p  vertices in pW .  Then ),( phWheelSun  has  phn 1  vertices and 

   hph  12  edges. Then the adjacency matrix of ),( phWheelSun  is: 

 

 























pppppp

pppppp

ppppp

I

I

IIWA

phWheelSunA

,,,

,,,

,,

00

00
),(









. 

Theorem 7.1 

The eigenvalues of  ),( phWheelSunA are 

h
p

k

p

k






















1

2
cos

1

2
cos 2 

  where 2,...,1  pk ,  

   
2

411
2

hpp 
 ,  

   
2

411
2

hpp 
 , and  

0  with multiplicity  1hp . □ 

Proof 

The eigenvalues of  
pWA are  













1

2
cos2

p

k
  21  pk . 

p1 , with multiplicity 1 . 

See Jessop [3]. 

Therefore, from Theorem 2.1, the eigenvalues of   phWheelSunA ,  are 

h
p

k

p

k
h

p

k

p

k


























































1

2
cos

1

2
cos

2

4
1

2
cos2

1

2
cos2

2

2





  , 21  pk , 

   
2

41  1
2

hpp 
  with multiplicity 1 , and 

   
2

41  1
2

hpp 
  with multiplicity 1 . 

h

 nxn
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The remaining    121  hpphp  eigenvalues of   phWheelSunA ,  are 0. □ 

Corollary 7.1 

Two of the eigenvalues of   pWheelSunA ,1 16  lp , ,...2,1l  satisfy the golden ratio property. 

Proof 

Let 16  lp  . Then the eigenvalues of  16 lWA  are 






















l

k

p

k

6

2
cos2

1

2
cos2


   131  lk . 

Setting lk  , we get 1
6

2
cos2

6

2
cos2 






















l

l
. 

 Then, by Corollary 2.1, 

2

51
  are two eigenvalues of   16,1 lWheelSunA , ,...2,1l  which satisfy the golden ratio property. 

  □ 

 

And from Corollary 2.2, we get 

Corollary 7.2 

For the wheel sun graph ),( phWheelSun , 

  ),(det phWheelSunA 












otherwise

oddpandhfor

evenpandhfor

0

11

11

. 

Theorem 7.2 

The energy of the wheel sun graph is 

 ),( phWheelSunE       hphph
p

kp

k

4141
1

2
cos2

22
2

1

2 









 






. 

Proof 

From Theorem 2.2, 

 ),( phWheelSunE   



p

i

j h
1

2
4  where j are the eigenvalues of  pWA . 

      hphph
p

k
p

k

41414
1

2
cos2

22
2

1

2































.  

      hphph
p

kp

k

4141
1

2
cos2

22
2

1

2 









 






. □ 

8. The Spectrum of the Star Sun Graph 
Let G  be the star sun graph ),( phStarSun  which consists of the star graph 1,1pS , with h end vertices appended 

to each of the p  vertices in 1,1pS .  Then  has  phn 1  vertices and    hph  11  

edges. Then the  nxn adjacency matrix of ),( phStarSun  is: 

 

 

  

























pppppp

pppppp

ppppp

I

I

IISA

phStarSunA

,,,

,,,

,,1,1

00

00
),(









. 

),( phStarSun
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Theorem 8.1 

The eigenvalues of  ),( phStarSunA  are 

2

411 hpp 
  with multiplicity 1 

2

411 hpp 
  with multiplicity 1, 

h with multiplicity  2p , and  

0  with multiplicity  1hp . □ 

Proof 

The eigenvalues of  
1,1pSA are  

1 p , with multiplicity 1 . 

0 , with multiplicity 2p . 

See Jessop [3]. 

Therefore, from Theorem 2.1, the eigenvalues of   phStarSunA ,  are 

 
2

411

2

411
2

hpphpp 



  , with multiplicity 1 , 

 
2

411

2

411
2

hpphpp 



  , with multiplicity 1 , 

 
h

h





2

400
2

  , with multiplicity 2p , 

The remaining    121  hpphp  eigenvalues of   phStarSunA ,  are 0. □ 

Corollary 8.1 

Four of the eigenvalues of   2,1StarSunA satisfy the golden ratio property. 

Proof 

Setting 2p  we get the eigenvalues of  1,1SA  are 

112  , with multiplicity 1 . 

 Then, by Corollary 2.1, 

 
2

51
  are four eigenvalues of   pStarSunA ,1  which satisfy the golden ratio property. □ 

And from Corollary 2.2, we get 

Corollary 8.1 

For the star sun graph ),( phStarSun  

  ),(det phStarSunA 












otherwise

oddpandhfor

evenpandhfor

0

11

11

. 

Theorem 8.2 

The energy of the star sun graph is 

 ),( phStarSunE     hphp 22412  . 

Proof 

From Theorem 2.2, 
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 ),( phStarSunE   



p

i

j h
1

2
4  where j are the eigenvalues of  1,1pSA . 

          hphphp 4024141
222

 .  

    hphphp 424141   

    hphp 22412  . 

9. Conclusion 
In this paper, we determined the general solution for the spectra of graphs obtained by appending h  end vertex 

to all vertices of a base graph and determined the energy of these graphs based on the eigenvalues of the base graph. 

We then determine the spectra and energy of such graphs where the base graph is the complete, complete split-

bipartite, cycle, path, wheel and star graphs. 

We also showed that the spectra of some of these graphs satisfy the golden ratio property for each of the classes 

of graphs above. 
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