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Abstract: In this paper, we extend the possibility intuitionistic fuzzy soft sets defining new operations in it and a
few properties of these operations are studied. An application of the new operations have been shown using
example. Moreover the possibility intuitionistic fuzzy soft relations on PIFSS have been defined and their
properties are discussed. As an end point, the notation of mapping on possibility intuitionistic fuzzy soft classes is
defined and some properties of possibility intuitionistic fuzzy soft images and inverse images have been
investigated. Examples and counterexamples for these concepts have been illustrated.
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1. Introduction

In reality, the limitation of precise research is increasingly being recognized in many fields, such as economics,
social science, and management science, etc. It is well known that the real world is full of uncertainty, imprecision
and vagueness, so researches on these areas are of great importance. In recent years, uncertain theories such as
probability theory, fuzzy set theory [1], intuitionistic fuzzy set theory [2]. However, these theories have their
inherent difficulties, which are pointed in order to overcome these disadvantages, Molodtsov [3] proposed a new
mathematical tool called soft set theory to deal with uncertainty and imprecision and it has been demonstrated that
this new theory brings about a rich potential for applications in decision making, measurement theory, game theory,
etc. After Molodtsov’s work, some different operations and application of soft sets were studied by Maji, et al. [4];
Alkhazaleh, et al. [5] and Maji, et al. [6]. Also Alkhazaleh, et al. [5] introduced soft multiset as a generalization of
Molodtsov’s soft set. Furthermore Roy and Maji [7] presented the definition of fuzzy soft set as a generalization of
Molodtsov’s soft set, Maji, et al. [8] presented an application of fuzzy soft sets in a decision making problem.
Moreover, Maji, et al. [8] defined the concept of intuitionistic fuzzy soft set and Maji also in Maji [9] defined some
new operations on intuitionistic fuzzy soft sets and studied some results relating to the properties of these operations.
Majumdar and Samanta [10] defined and studied the generalised fuzzy soft sets where the degree is attached with the
parameterization of fuzzy sets while defining a fuzzy soft set and they defined the generalised fuzzy soft relation
they also introduced in Majumdar and Samanta [11] several similarity measures of fuzzy soft sets and made a
comparative study of these measures. Alkhazaleh, et al. [12] defined the concepts of possibility fuzzy soft set and
gave their application in decision making and medical diagnosis. After that Bashir and Salleh [13] defined the
concept of possibility intuitionistic fuzzy soft set and gave their applications in decision making and medical
diagnosis. In Kharal and Ahmad [14], introduced the notions of a mapping on the classes of soft and fuzzy soft
classes and studied their properties of images and inverse images. Bashir and Salleh [15] defined the notion of
mappings on intuitionistic fuzzy soft classes and studied some properties of intuitionistic fuzzy soft images and
inverse images. In this paper new operations on possibility intuitionistic fuzzy soft sets are introduced. Some results
related to the properties of these operations are studied. An example is presented as an application of these
operations. Finally, the notion of a mapping on classes of possibility intuitionistic fuzzy soft sets is introduced and
the properties of possibility intuitionistic fuzzy soft images and inverse images are established.

2. Preliminaries
In this section we recall some definitions and properties regarding intuitionistic fuzzy soft set, possibility
intuitionistic fuzzy soft set, and mappings on intuitionistic fuzzy soft classes.
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Definition 2.1.
Maji, et al. [8]. Consider U and E as a universe set and a set of parameters respectively. Let P (U )denote

the set of all intuitionistic fuzzy sets of U . Let A — E . A pair (F, E ) is an intuitionistic fuzzy soft sets over U
where F is mapping givenby F:A ->P U ).
Let U universal set of elements, E be a set of parameters and A be a subset of E. Let the intuitionistic fuzzy soft

set (F, A)={< M, e (M) g ( n’)> me U, & }\Where Heo) (M), Ve, (M) are the membership
and non-membership function respectively.

Definition 2.2.
Maji, et al. [8]. The necessity operation[] on intuitionistic fuzzy soft set (F , A)is denoted by [J(F , A) and

is defined as [(F,A )= {<m,,uF(e) (X),l—,uF(e) (m)> ‘meU,ee A} where 1 (m) s the membership

function of M and F is a mapping F: A— P (U ) P (U ) is the set of all intuitionistic fuzzy sets of U.

Definition 2.3.
Maji, et al. [8]. The possibility operation ¢ on intuitionistic fuzzy soft set (F , A)is denoted by O(F , A) and

is defined as O(F, A ) = {<m,1—v,:(e) (m),vF(e) (m)> ‘meU,ee A}.

Definition 2.4.
Alkhazaleh, et al. [12]. Let U = {Xl,xz,...,xn} be the universal set of elements and E = {el,ez,...,em } be
the universal set of parameters. The pair (U , E ) will be called a soft universe. Let F : E — (I x| )U x1Yand p

be a fuzzy subset of E, i.e. p:E—>IU, where 1Y is the collection of all fuzzy subsets of U . Let

Fp ‘E—> (I x| )U x 1Y be a function defined as follows:

F, ) =(F(e)(x), pe)(x)) . where F(e)(x)=(p(x),v(x)) ¥x €U .

Then Fp is called a possibility intuitionistic fuzzy soft set (PIFSS in short) over the soft universe (U ,E). For
each parameter €, Fp(ei) :(F(ei)(x), p(ei)(x)) indicates not only the degree of belongingness of the
elements of U in F (g, ), but also the degree of possibility of belongingness of the elements of U in F (e, ),

which is represented by P(€;) . So we can write F(€,) as follows:

~ X, X, X,
F )= {—F o0 p(ei)(xl)j. [—F oo p(ei)(xz)j...., (—F AR p(ei)(xn)}.
Sometime we write Fp as (Fp, E). If A < E we can also have a PIFSS (Fp, A).

Definition 2.5.
Alkhazaleh, et al. [12]. Similarity between two PIFSSs Fﬂ and Gg, denoted by S (Fﬂ,Gg), is defined as

follows:

S (F,.G;)=M (F(€).G())-M (ue),5())such that

M

M (F().G(e))=max; M; (F(e),G(€)) and M (u(e),5())=max; M, (u(),5()) where

Y ’ Fe) TVrGe
M(F(e)ﬁ(e))ﬂ—%dz(@(e)(i)—«ﬁe(e)(i)) 12 p2en s gy (1) - LE0 ) R )
- /uGe +VGe
¢G(e)(.):(ﬂf<>) and
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> iy (€)-5, @)
M, (u(e),6(e)) =1-1= .
2|1 (@) +6, (@)

Definition 2.6.
Alkhazaleh, et al. [12]. Union of two PIFSS F  and G,, denoted by FpUGq, isaPIFSS H. : E—>(I ><I)U x|V
defined by
H, (&) =(H (e)(x), r(e)(x)).veeE
suchthat H(e) =S ( F(e), G(e)) and r(e) =s(p(e), q(e)) where S is S-norm and s is an s- norm.

Definition 2.7.
Alkhazaleh, et al. [12]. Intersection of two PIFSS Fp and Gq, denoted by FpﬂGq, is a PIFSS

H,:E—(Ix1)’ x1" defined by
H,(€)=(H(e)(x).r(e)(x)) .V e eE
such that H(e) =T (F(e),G(e)) andr(e) =t(p(e), q(e)) Where T is an intuitionistic fuzzy intersection and
tis an fuzzy t-norm.
Definition 2.8.
Majumdar and Samanta [10]. Let Fﬂ andG,_ GFSS over the parameterized universe (U , E) and C e E%

Then a fuzzy soft relation R from Fﬂ to G_ isafunction R:C — IV x 1, defined as follows:

R(e,f)=F,(e)NG,(f) V(e f)eC.

Definition 2.9.
Kharal and Ahmad [14]. Let X be a universe and E be a set of parameters. Then the collection of all
intuitionistic fuzzy soft sets over X , with parameters from E is called an intuitionistic fuzzy soft class and is

denoted by (X ,E).
Definition 2.10.

Kharal and Ahmad [14]. Let (X,E) and (Y,E') be intuitionistic fuzzy soft classes. Let r:X —Y and
s:E—E be mappings. Then a mapping f : (X, E) — (Y,E') is defined as follows: for an intuitionistic fuzzy
soft set (F,A) in (X,E), f(F,A) is an intuitionistic fuzzy soft set in (Y,E’) obtained as follows for
pes(E)cE,yeY
and forall @ € sH(B) N A

v (v F@)X), ifr'(y)ze¢ s(PNAzI

f(F, A)(B)(y) = " ass(MrA
(0,0) ., otherwise

f (F, A) is called an intuitionistic fuzzy soft image of an intuitionistic fuzzy soft set (F, A).

Definition 2.11.
Kharal and Ahmad [14]. Let (X,E) and (Y, E') be intuitionistic fuzzy soft classes. Let I: X —Y and

s:E —E be mappings. Then a mapping f ™ :(Y,E) — (X, E) is defined as follows: for an intuitionistic fuzzy
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soft set (G,B) in (Y,E), f™(G,B) is an intuitionistic fuzzy soft set in (X,E) obtained as follows for
aecs'(B)c E,and Xxe X

3 | G(s(@))(r(x)), for s(ax) eB
f (G’B)(a)(x)_{(O,O) , otherwise

f (G, B) is called an intuitionistic fuzzy soft inverse image of an intuitionistic fuzzy soft set (G, B).

3. More on Possibility Intuitionistic Fuzzy Soft Sets

In this section we extend the concept of possibility intuitionistic fuzzy soft sets as introduced by Alkhazaleh, et

al. [12]. Let U universal set of elements, E be a set of parameters. Let F : E —)(I x| )U x 1Y and p be a fuzzy
subset of E, ie. p:E—IY, where 1Y s the collection of all fuzzy subsets of U . Let

Fp = —)(I x | )U x 1Y be afunction defined as follows:
F,©) =(F(e)(x), pe)(x)) . where F(e)(x)=(p(x),v(x)) ¥x €U .
X
Then F_ is possibility intuitionistic fuzzy soft set (F. )= .p(e)(x)|:xeU,ecEy,
i (%) Heey (X) Ve (X)

where He (o) (X), Vee) (X) be the membership and non-membership function of F (e) respectively.

Definition 3.1.
The necessity operation on possibility intuitionistic fuzzy soft set (Fp, E)is denoted D(Fp, E) in short

(IUF(e) (X)’l_ﬂF(e) (X))

is the membership function of F (&) and F is mapping F:E — (1 x]1 )U <1V, (1x1 )U is the collection of all
intuitionistic fuzzy subset of U.

D(Fp) is defined as D(Fp)z

P()(x) XU ecE | e g (¥

Example 3.2.
Let U = {x1 xz,x3} be a set of universe, E = {el,ez,eg} be a set of parameters and let p:E — 1Y, We define a

function Fp:E—>(I ><I)U x 1Y as follows:

Y P T T
0=ty 25y o )
ot i i ]

Then the necessity operation on possibility intuitionistic fuzzy soft set is
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o(F, (91)):{(0.4),(10.6)’ 1) [(0.7)(,20.3)’ 0'5]’ [(0.5)%6.5)’ 0'6}
1(F(e2)) :{(0.5),(10.5)' 00 ’((0.6)%0.4)’ 0'5}((0.6)?30.4)’ 0'5}’
1(Fy(e) :{((o.;,io.s)’ ) ((o.ex,zo.4)’ 0'5} ((o.sx,?).s)’ 0'7}'

Theorem 3.3.
Let Fp,Gq be any two PIFSES then over (U , E). Then the following results hold:

s D[(FP)U(GQ)}:D(FP) U D<Gq)’
i O[(R)N(G,)|=(R) N(e,)
i, O0(F,)=(F,),
iv D[FpT :[D(Fp) " , for any finite positive integer n,
v RV =[[(R)u(e)]]
v O[(R)N(e,)] =[0(R)no(e,)]

0(F,) UD(G,)
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Let F, ={(<x,,uF(e) (x),vF(e)(x)>, p(e)(x)):x eU}.
ThenD(Fp):{«x,yF()(x),l—,uF()(X)>,p(e)(x)):XeU}.
0 L(Fy ) = {((% e (X).2= ko (), P(€)(X)) :x €U |

Hence the result is proved.

iv. Consider a possibility intuitionistic fuzzy soft set

(F,) ={(<x,,uF(e)(x),vF(e) (x)> p(e)(x)):x eU,ec E}.

(Fp)n ={[<X,[ﬂp(e)(x)]n ,1—tl—v " )(X)T>,[p(e)(x)]n]:XGU,ee E}.
Then D[(FP)Jn ={(<x,[,uF(e [,up > [p(e) j xeU,ee E}
Since D(Fp)z{(<x,,uF(e)(x),1 He o x)> p(e ) xeU eeE}

Then [D(Fp)]n ={(<x,[;¢F(e [yF > [p(e) j xeU,ee E}

Hence the result.

ﬂ ' . by the therom 3.1iiv.

)
= :(F } U:(Gg]:lu . by the therom 3.2iivii. |

o
=
o
o
—
<
n
—
o
3
—_
=2
@D
—
QO
(@]
~
—_
M
©
SN~—"
—
O
~—
I
—_

F)N Gq)ﬂn, by the therom 3.L.iv.
:[D Fp)ﬂD(Gq)]n, by the therom3.L.ii.

Definition 3.4.
The possibility operation on possibility intuitionistic fuzzy soft set (Fp, E) , denoted <>( Fp, E) in short

0(F, ). is defined as O(Fp)z{[{(l—v ()(XX),V ()(X))}, p(e)(X)]IXEU,ee E}.

Example 3.5.

Let U ={x,X,,x;}and E ={e,,e,,e,}. Let F, be a PIFSS defined as follows:

R :{[(0.3),(10.4)’ 0'1]’ ((0.7)(,20.1)’ 0'4]’ [(0-2)530-6)’ Oﬁj}'
-y 5} (o 2 i )
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| ) i o )

Then the possibility operation on possibility intuitionistic fuzzy soft set is

(@) :{[(0.6),(10.4)’ O'lj’ [(o.s;(,zo.l)’ 04 ] [(0.4)%0.6)' 0'6]}’
Fy(e) :{[(0.4),(10.6)’ 0'3]’ [(0.5)520.5)’ O'Zj’ [(0.7%30.3)’ 0'4}}’

0| a3} [t ) [t o)
Theorem 3.6.

Let Fp , Gq be any two PIFSS over (U , E).Then the following results hold:
L 0[(FD)U(GQ)]=O(Fp) U <>(GQ)’
i 0[(FP)D(GQ)]=O(FP) n <>(Gq)’

iii. — 00(F,)=0(F,).

iv. O[Fp ]n = [O( F )T , for any finite positive integer n,

n

v O[(RU(e)] =o[(R)u(e)]]
vi  o[(R)N(e,)] =[o(F,)N o(c,)]"

Proof: The proof is straightforward by using Definition 3.4. and similar to the proof of theorem 3.3.

Theorem 3.7.
Let Fp be a PIFSS over (U , E).Then the following results hold:

L 0(R)e(R)<=0(R).
i, o0(F,)=I(F,),

i, 10(F,)=0(F,)-

Proof:
. Le (
X,

{

{
{ x Ve( x> P

1- ,uF()( )= Ve thenD( F)<=(F,). (smceyF +vF(e)31).

Since we have 1— Ve( ( > He o) X) then (Fp) ( )

Hence the result follows

) possibility intuitionstic fuzzy soft set over the universe U.

< Hee) F(e)(X)>,p(e)(X))ZXEU,GEE}.
<
1-

F

p

(F)=
So, D(F)

p

Then

t
%t () 1 e (). P(€) ()X €U e < ang

e) ) xel!u eeE}
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ii. For possibility intuitionistic fuzzy soft set

(Fp)z{«x M) () Ve (X)), P(e)(x))ier,ee E}, we have

(F,)= {(<XuF ()1 1 (X )} p(e)(x)): x<U Jso
={<X1 1t () 1t (). L)) x U

XuF )\ 1= ey (X)), p(e)(x)):XGU}.

:|:)

p

iii. The proof is similar to the above proof.

Theorem 3.8.
Let Fp G and be any two PIFSS over (U JE ) then the following results hold:

. T[(R.A)A(G,.B)|=I(F,. A)A T(G,.B),
i. — O[(F.A)v(G,.B)]=I(F,. A)v 1(G,.B),
(P A)A(G,.B)|=0(F,. A) A 0(G,,B),
(P A)v(G,.B)]|=0(F,. A)v 0(G,,B).
] Let (H,,AxB)=(F,,A)A(G,,B),thenfor V(c, )€ AxB

(H,, AxB)= {(<X’“m<aﬁ> ()Yt ) () £ (X)) xeU }

Hence the result is proved.

. similar to the proof of (I)
iii. Let (Hl, Ax B) =(Fp, A)/\(Gq, B).Then for V(a,ﬁ) e AxB

(e AXB) ={((X 1 ) (X) Vo () 0 (X)) U,

88



Academic Journal of Applied Mathematical Sciences, 2017, 3(10): 81-105

where 1, (., (x)=min {luF(a) (%) g (X)} )

Vit () (x)= max{vF(a) (x),vG(ﬁ) (x)} and i (,, (x)=min {,up(a) (x),vq(ﬂ) (x)} S0

Hence the result is proved.
iv. The proof is similar to that of (iii).

4. An Application of Newly Defined Operation on PIFSS

Alkhazaleh, et al. [12] defined some new operations on intuitionistic fuzzy soft sets and studied their
application. In this section, we present an application of our newly defined operation on PIFSS by generalizing
Maji’s Algorithm using our similarity measurement method [11] of PIFSS to be compatible with our work. We
consider the following problem:

Here we contemplate the problem of picking the most suitable object out of n options based on e parameters
where information available are possibility intuitionistic fuzzy soft in nature. Suppose a hospital administrator wants
to select an imaging machine such as MRI with certain characteristics. If all the said imaging machines are of similar
quality, then it is very difficult to choose the appropriate machine. For the sake of taking the best decision in this
case, let the characteristics in terms of parameter be E= {big, very big, small, costly, very costly, moderate}.
Suppose that due to budgetary constraint and limited space, the administrator wishes to select an imaging machine
from the view point of its possible ‘size’ and ‘cost’. Suppose there are four machines made by different

manufacturers with almost the same quality as the universe,U = {Xl, X5, X3, X4}.These four machines are chosen

for the parameter big, very big and moderate. The ‘cost’ of these four machines are considered for the parameters
costly and moderate. Since the data provided are not crisp but possibility intuitionistic fuzzy soft, it is problematic to
pick the appropriate machine as usual. The decision to pick the best choice will be made by employing the
‘similarity measurement method’.

For this particular problem let the possibility intuitionistic fuzzy soft set (Fp, A) which represents the size of

the machines be given as

F (big) = { (01);1_1) ,0.1} (m,m} [ (o.):(;, 5 ,o.z]},
F, (very big)={ (0”‘5.1),0.2} ((0.1)’(—20.3),0.6} { (o.);o)’o'lJ}’

Fp(moderate)={(ﬁ,o.4} (ﬁ,o&j, ((02—3’0),0.2}_

Also let the cost of the machines represented by the possibility intuitionistic fuzzy soft set(Gq, B) be given

Gq(moderate):{m,o.l} [(()3)(—2()2)03} [ (o.)z(;, o)’MJ}’
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,0.3} (W,o.z} (

(0.)6(53,0)

,0.1]}

The following algorithm may be followed by a hospital administrator to pick the best choice of the machines.

Algorithm
a. Input the possibility intuitionistic fuzzy soft set (F,, A), (Gq, B) .

b. Compute C, :[(Fp, A) /\(Gq, B)]

c. Compute C, = 0[(Fp, A)/\(Gq, B)}
d. Compute the similarity S (S, F,) between the two PIFSSs ¢, and c,.
e. The optimal decision is to select S (S, Fk) if S (S, F ) >S (S, F ) , Vi, where F is the criteria value
X, -
f. IfS (S, F ) has more than one value then any one of S (S, Fk) may be chosen.
Table-1. Tabular representation of the possibility intuitionistic fuzzy soft sets C; .
U | (big, (big, (very big, (very big, | (moderate, | (moderate,
moderate) costely) | moderate) | costely) moderate) | costely)
X, ((0,0.6),1) ((0,0,1),0,1 ((0,0.6)0.1) ((0,0.1),0.2) ((0.1,0.6),0.1) ((0, 0.1),0.3)
X, ((0.2,0.6),0.3) ((0.2,0.6),0.2 ((0.1,0.3),0.3) ((0.1,0.4),0.2 ((0,0.5),0.1) ((0.5,0),0.1)
X; | ((0:3,0),0.2) ((03,0),0.1)| ((0.6,0),0.1) ((0.6,00) | ((0.5,0)0.2) | ((05,0),0)
Table-2. Tabular representation of the a possibility intuitionistic fuzzy soft sets 02 .
U | (big, (big, (very big, (very big, | (moderate, | (moderate,
moderate) | costely) | moderate) | costely) moderate) | costely)
X ((0.4,0.6),0.1) ((0_9,0_1),0,1) ((0.4,0.6),0.1 ((0.9,0.1),0.2) ((0.4,0.6),0.1) ((0.9,0.1),0.3)
X, ((0.4,0.6),0.3) ((0.4,0.6),0.2) ((0.7,0.3),0.3) ((0.6,0.4),0.2) ((0.5,0.5),0.1 ((1, 0),0.1)
Xg ((1,0),0.2) ((1, 0),0.1) ((1, O),O.l) ((1, 0),0.1) ((1, 0),0.2) ((1,0),0.1)
By similarity measurement of PIFSS we have
S (S, Fl) =1.32,
S(S,FZ):l.Zl,
S(S,FS):1.27.
Then the a hospital administrator will select the machine with the maximum value. Hence, they will buy
machine X, .
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5. Relation on Possibility Intuitionistic Fuzzy Soft Sets

In this section we introduce the definitions of union and intersection of PIFSS, by using the s-norm (°) operator
which is the standard union operator (max) and t-norm (*) operator which is the standard intersection operator (min),
to define the relation on PIFSS.

Definition 5.1.
Let F, and G, two PIFSS over soft universe (U,E).Union of F and G, denoted by FpUGq, is a PIFSS
H,:E—(Ix1)’ x1" defined by
H,(€)=(H ()(x). r(e)(x)), where H (e) (1 x1)',r(e)el’,
such that H(e) :(F(e) °G(e)) and r(e) :( p(e) °q(e)) where ©is the standard union operator for the
intuitionistic fuzzy set and fuzzy soft set respectively.
Definition 5.2.
Let F, and G, two PIFSS over soft universe (U,E). Intersection of F_and G,, denoted by FpﬂGq, isa
PIFSS H, : E—)(I ><I)U x 1Y defined by
H,(€)=(H ()(x). r(e)(x)), where H (e) (I x1)" r(e)el”.
such that H () = ( F(e)*G(e)) andr(e) = ( p(e)*q(e)) Where * is the standard intersection operator for the
intuitionistic fuzzy set and fuzzy soft set respectively.
Proposition 5.3.
Let F,, G, and H, be any PIFSSs over (U E ) Then the following results hold:
i. FUG,=G,UF,,

i.  F,0(G,0H, )=(
v.  F,N(G,NH,)=(
Proof: The properties of commutatively and associatively of O and ﬁ trivially follows from the definitions.

Proposition 5.4.
Let F, beaPIFSS over (U,E). Then the following results hold:

i. F,UF=F,
i. FNF=F,
i. F,UA=A,
iv. FpﬁAIZFp,
. F,Ug,=F,,
i. F,N2,=9,.

Proof: The proof is straightforward by using the definitions of union and intersection.
Proposition 5.5. Let F, G, and H, be PIFSSs over (U JE ) Then the following results hold:

).
),

(@R

F, F,UH,
Fp Fp H q

D}

N
O
(@R
T
Il
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Proof: Since the standardJ (max/union) and () (min/intersection) operators as defined in 5.land 5.2 are
commutative and associative, the above properties hold good, when these standard operators are used for s-norm and
t-norm.

Note: - If (°) and (*) are different from the standard union and intersection operators respectively, the above rules
may not hold good.

Definition 5.6.
A possibility intuitionistic fuzzy soft relation (PIFSR) R, between two PIFSS Fp and Gq over soft universes
(U , E)and (U, F) respectively, is defined as R, (e, f ): Fp (e)ﬁGq ( f ) VeeE, f eF,

where R:K—)(IxI)U><IUisaPIFSSoverasoftuniverse (U,K) , KcExF.

Example 5.7.
LetU = {x1 x2,x3} be a set of universe Let E = {el,ez,es} be a set of parameters and let p:E — 1", Define a

)

function Fp:E—>(I ><I)U x 1Y as follows:

F”(el):{(oz)?o.l)’0'4]’((0'6%20'3) ] ( )
Fp(ez):{(o.7),(10-2)’ 0'5] ( J [
Fp(e3)={(ﬁ'0'1] [0501 ] [

Let G,:F —>(I x| )U x 1Y be another PIFSS over (U, F) defined as follows:

o052} [r5322) [a 7)
G(f){g 01 ][ ][ Oj}

Now we take K={(e,, f, ), (e, f,). (&, ,). (&, f,). (&, T5). (&5, T, )} Then RPIFSSs between F,and G is

o)
J}
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-y ) s o o )

Definition 5.8.

R F G . U,E U,K _ R
Let Y be a PIFSR between Pand 9 over soft universes ( )and ( )respectlvely. Let “beaPIFSR

G K L
between ~%and L, over soft universes (U’ )and (U’ )respectively. Then composition of Rtland th is
defined as:

R,0R, (e.1)=R, (e,k)NR, (k1)

where
"ExK = (Ix1) x1Y, R, :KxL—(1x1) xIY.
2,
Definition 5.9.

R F G . U,E U,F .
Let R“ and 2 be two PIFSRs between Pand 9 over soft unlverse( )and( ) respectively. Then
the standard operations of union, intersection, inverse and containment are defined as follows:

i. Union:(l'-zj1 uth)(e,f):max( (e, f).R ( )) V(e f)eExF,

i, Intersection:(RLmth)(e,f) (R]‘( ef)) (e,f)eExF,
iii. Inverse:R_llt(e,f)=R]1(f,e), V(f,e)eFxE

iv. Containment: R, R, =R, (e, f)<R, (e, f).

Definition 5.10.

R F G .
Let % and R‘z be two PIFSRs between  Pand % over soft universe

(U : E) and (U , F) respectively. Then the following relationships are true:
-1

. (R7) =R,

i. IFR cR, thenR ‘cR,™
Proof .i.(Rtl‘l)fl(e, f)=R *(f.e)=R (e, f). Hence (Rtl‘l)fl =R..
ii. Since we have R]‘ - RZ‘ = F\’j1 (e, f )S Rz‘ (e, f )then

R (e, f)<R, (e,f)=R "(e,f)<R,*(e,f)=>R "R,
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Theorem 5.11.

et Ry be a PIFSR between P and G, and Roos Ry e PIFSR between G, and L,. Then

. R,0(R, VR, )=(R,0R; )(R,0R, ),
i RO(RNR)=(RoR, J(R,0R, ),
i (ROR )T =R 0R,
Proof i.

Suppose ec E, f e F, | e L then

R,0(R, UR, )=R, (e f)o(R, (f,I)UR, (f,I))
=R, (e, f)Nimax{R, (f,1),R (f.1)}
=max{(R, (. )R, (.1)),(R, (e ))AR, (F.1))}
=max {R 0R, (e,1),R 0R, (e,1)}
=(R,0R, )(e,1)U(R OR, )(e.1).

Therefore R 0(R, UR, )=(R,0R, JU(R,0R, ).

ii. Following the same reasoning of (i) it is proved that

&o(RZI ngt)z(RLoRzl)m(RLoR%),

iii. Suppose e € E, f € F then we have

(ROR,)"(e)=(R,0R, )(1.e) =R, (1.K)NIR, (k.e)=R, (k.e)R, (1.k)=
R, (e k)R, (k1) =(R, "0R, *)(e.1).

Therefore (R,0R, )_1 =R™,0R},.

6. Mapping on Possibility Intuitionistic Fuzzy Soft Classes

In this section we generalize the concept of mapping on possibility intuitionistic fuzzy soft set classes and study
some properties of possibility intuitionistic fuzzy soft images and inverse images, some examples for these concepts
are also given.

Definition 6.1.
Let X be a universe and E be a set of parameters. Then the collection of all possibility intuitionistic fuzzy
soft sets over X , with parameters from E is called an possibility intuitionistic fuzzy soft class and is denoted by

(X,E).

Definition 6.2.

Let (X,E) and (Y,E) be possibility intuitionistic fuzzy soft classes. Let r: X =Y and S:E—>E be
mappings. Then a mapping f : (X, E) — (Y, E') is defined as follows: for possibility intuitionistic fuzzy soft set
(F,, A) in (X,E), f(F,,A) isapossibility intuitionistic fuzzy soft setin (Y, E') obtained as follows :
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F(F,, A)B)(Y) = \x Nty Pl r\{(y)(\/p(a))) if ri(y) =4, s (B)NA=¢
((0.0),0) ,  otherwise

For Bes(E)cE'yeYand Vaes™(B)nA, f(F,,A) is called possibility intuitionistic

fuzzysoft image for the possibility intuitionistic fuzzy soft set (Fp, A).

Definition 6.3.
Let (X,E) and (Y,E) be possibility intuitionistic fuzzy soft classes. Let I: X —Y and S:E —E be

mappings. Then a mapping T :(Y,E) — (X, E) is defined as follows: for possibility intuitionistic fuzzy soft
. ' 1 . C e, s e . .
set (G,,B) in (Y,E), f(G,,B) isan possibility intuitionistic fuzzy soft set in (X, E) obtained as follows

for a €s(B)c E,and X e X
4 | G(s(a))(r(x)),q(s())(r(x)) for s(a) € B
(G, B)@)(X) _{((0,0),0) , otherwise

f‘l(Gq, B) is called possibility intuitionistic fuzzy soft inverse image of possibility intuitionistic fuzzy soft set
(G, B).

Example 6.4

Let X ={X,,X,,x.}.Y ={y,,¥,,V.}. E ={e,.e,.6.}, E ={e,,e,.e,}and (X ,E), (Y ,E),
classes of an possibility intuitionistic fuzzy soft sets. Letr : X —Y and S:E — E be mappings defined as :
r(x) =y, rx,)=y, r(x;)=y,, s(e)=e;, s(e,) =€, and s(e;) =e,.
Let (F,, A) and (G,, B) be two possibility intuitionistic fuzzy soft sets over X and Y respectively such that

R I e )
(0.5,0) (0.1,0.2) (0.3,0.1)
(0.6,0.2)

(s )
{2

(ko) s -J’MT?@"’JH’
{ {(0602> M M(o.?ofo'sj}]’
[ ﬁ)(ﬁﬂﬁm}

Then we can define a mapping f : (X, E) — (Y, E') as follows: for possibility intuitionistic fuzzy soft set

o

moa

0.2, ,04

(050$

o]

(F,,A) in (X ,E), f(F,,A) is possibility intuitionistic fuzzy soft setin (Y ,E ) is obtained as
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FF e [y (YF@). v (vP@)]

xer ™ (yy)

(%
(X <} ae{ges}F( a)), }( G{z%}P( ))j
(Xe{vxz} (Flev F@))(x). .y, (ple)v pe))(x))
=(

Xz X } v {0.2,0.4,0.3}(x)j
weli) (o 6 0.2)'(0.9,0.1) ' (0.8,0.1) | b
mgono®

f(F,, AE)(,) (vF@). v (vr@)]

er(y;

X X1} 015{:2 e} F (a) }(0‘5{92 es} p(a)))

(%
4l
(X ¢ (FEIVFE)(). v (Pe)v pe))(1))
=(

Xz Xs } v {0.2,0.4,0.3}(x)j
el (o 6 0.2)' (0.9,0.1) (0.8,0.1) | 'xets
(0.6,0.2),02).

fE e =y, (YF@). Ly (gp(a)))

(ys) (ys

(x <{} aE{ezes} ( aele ) Ple )))
[0

(Fe)vFE) ( )., (PE)V PE)) ()

xx3

( X2 X } v{azaaoauﬂ
el msoa '(0.9,0.1)' (0.8,0.1) | "xel

(O 8,0.1),0. 3)
By similar calculations, consequently we get

— - Y1 Y> Y3
(HFs A).8) = {el - {((0.9,0.1),0.4) '((0.6,0.2),0.2)’ ((0.8,0.1),0.3)}J
e :{ Yi , Y> ’ Ys } ,
> 1((0,0),0)" ((0,0),0)' ((0,0),0)

- A Yo %
(es‘{«o.l,o.a,o.z)’<<o.5,o>,o-4>’((0-3,0-1%0)}]}

Next for a possibility intuitionistic fuzzy soft inverse images, the mapping f “:(Y ,E')— (X ,E) is

defined as follows: for a possibility intuitionistic fuzzy soft set (G, B) in (Y ,E ), f_l(Gq, B) is a possibility

intuitionistic fuzzy soft setin (X ,E) obtained as follows:

96



Academic Journal of Applied Mathematical Sciences, 2017, 3(10): 81-105

f7(G,, B)E)(%) = (G (5(e))(r(%)), a(s(e))(r(x)))
=(G(e5)(¥,).a(e,)(Y,))
((0.6,0.1),0.6)

(G, B)(&)(%,) =(G(s(e))(r(x,)), a(s(e))(r(x,)))

G(e,)(¥,). a(e,)(,))
(0.8,0.1),0.2)

(
(

(G, B)(E)(%)

(G(
(G(s(e))(r(%)).a(s(e))(r(x)))
(GE(Y:).a(E5)(¥))
((0.9,0),0.4)

By similar calculations, consequently, we get

. X, X, X3
(17(G.B).A)= {( {((0601)06) ((0.8,0.1),0.2)'((0.9,0),0-4)}]’

. X, X, X
[ 2 {((0.3,0.1),0.1)'((0-8,0),0-3)’((0’0-4)’0)}}

e, = - o ¥
(3 {((0.3,0.1),0.1)’((0.8,0),0-3)'((0,0-4)’0)}]}

Definition 6.5.
Let f :(X,E)— (Y ,E’) be mapping and (F,, A) and (G, B) intuitionistic fuzzy soft setsin (X ,E).
Thenfor B€E , y €Y , the union and intersection of possibility intuitionistic fuzzy soft images f (F,,A) and
f(G,,B)in( ,E ) are defined as follows:
(F((F,, A) v T(G,, BN(B)Y) = T (F,, AB)Y) v T(G,, B)(BY).
(F((F, A A (G, BIBIY) = £ (F, ABIY) A T(Gg, BYAY) .
Definition 6.6.
Let f :(X,E)—( ,E’) beamapping and (F,,A) and (G, B) possibility intuitionistic fuzzy soft sets

in Y ,E ) Then for ¢ € E,X € X , the union and intersection of possibility intuitionistic fuzzy soft inverse
images f’l(Fp,A) and f‘l(Gq, B) in (X ,E) are define as follows:

(F (R, A v TG, B)(@) () = F(F,, A@)(¥) v T (G, B)(@)(X).
(F(F,, A A TG, B)(@)(X) = f(F,, A)@) () A f7(G,, B)(@)(X).
Theorem. 6.7.

Let f :(X,E)—( ,E’) be a mapping. Then for possibility intuitionistic fuzzy soft sets (F,,A) and

(G, B) inthe possibility intuitionistic fuzzy soft class (X ,E ), we have
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i f(©@)=0,

ey,

i.  f((F,,Av(G,B)=f(F,,Avf(G,,B),

v.  f((F,,AAG,B) < f(F,, A f (G, B),

v. If(F,,A)c(G,,B), then f(F,A) < f(G,,B).

Proof. For (i) and (ii) the proof is trivial, so we just give the proof of (iii), (iv) and (v). By using the Atanassov
union which is the basic intuitionistic fuzzy union we have

(i) For S e E and y €Y , we want to prove that
F((F,, A) V(G B)(BY) = f(F,, ABY) v F(G,, BY(AY) .
For left hand side, consider f ((F,, A)v f(G,,B))(B)(y) = f (H,, AUB)(B)(Y).
Then

[, (Y H@). (i),

xer H(y)\ & xer(y)\ a

f(H,, AUB)(B)(Y) =1 if r(y) #¢,s7(B)n(AUB) = Q.
((0,0),0) otherwise.

Where H(a) = U (F(a),G(a)) and W(a)=max(p(a),q(a)). For ae(AUB)Ns(f).

Atan

Suchthat F(a)= (,u(a),y(a)) G(a)= (H(a),(p(a)) then

H(a)= U (F(a),G(a))

={max (s(@).0(«)).min(7 (a).¢ ()

Considering only the non-trivial case, we have

f(H,, AUB)(B)(Y) = XEFX(Y)(V{maX(u(a)’H(a))’min(y(a)’(/’(a))})’ 0)
w v (Vmax(p(a),q(a))) .

xer(y)

For right hand side and by using Definition 6.5,We have
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(f(F,, AV F(G,, B(AY) = f(F,, A)(ﬂ)(y)v (G, B)(B)(Y)
N F(a)), v ( v ,u(a)))v
Xer™ (y) aesH(B)NA xer(y) \aesH(B)NA

( v G(a)), \/( Y ,u(a)))
xer™ (y) aes*(ﬂ)ms xer 1(y) \aes(B)nB

v (F(@)vG(a)), v v B)(p(a)vq(a))j

Xer™ (y)aes Y(B)N(AUB) xer (y) aesH(B)N(AU

{ (v{max (u(a).6(a)).min(y ()¢ (a))}). "

(vmax (p(ar) a(@)))

Xer” (y)

By (1) and (1), we get (iii).

Remark 6.8.
The Atanassove union can be replaced by any S-norm which is a general intuitionistic fuzzy union (see Fathi [16]).

(iv) For S e E and y €Y , and using Definition 6.5, we have

f((F,. AA(G,.B))(A)(Y) = f (H,, AnB)(B(Y)

=| vV v H(a)|, v Y w(ax)
xer(y) \ aes(B)N(ANB) xer 1 (y) \ aes(B)N(ANB)

F@)AG(@). v p(a)m(a)))

\Y \Y
(xer y) aes’l(/})m(AmB) xer1(y) (aesl(ﬂ)m(AmB)

F@A6@). p(a)m(a)))

\Y \Y
(xer Ly) \aes(B)N(ANB) xer(y) (aes'l(ﬁ)m(AmB)

v  F(a)], v v pla)] A
Xer™ (y) aes’l(ﬂ)mA xer(y) \aesH(B)NA

v G(a)), v( v q(a))
Xer™ (y) aes’l(ﬂ)r\B xer(y) \aes(B)nB

=(f(F,, ANHG,.B))(A)Y)

This gives (iv).

(v) To prove (v) considering only the non-trivial case, for ,BeE' and y €Y , and since we have
(F,A)< (G,B).Then

F(F, AB(Y) = ( ol @l v (L, @)

sHB)NA xer*(y) \aesH(B)NA

= Vv v (F(a),p(a))

xer(y) aesH(B)NA

c xerg(y) aes&\(/ﬂ)mB (G(a), q(a)) since (Fp, A) c (Gq, B)

= T ((G,, B)(BY).

This gives (v).

Remark 6.9.
In the above theorem we can see that the reversal of the inequalities (ii), (iv) and implication (v) cannot be hold,

as is shown in the following example.
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Example 6.10.
Let X ={X,,X,,X5}, Y ={y,,Y,.¥s}, E={e,,e,.6,} and E ={e,,e,,6,}. Suppose that
(X ,E) and (Y ,E') are possibility intuitionistic fuzzy soft classes. Define I:X —Y and S:E —E as

follows: r(X) = Y,, r(%,) = Ys, F'(X%) =Y, S(&) =¢€,, s(e,) =€5,and s(e;) =¢€,.
Let (F,, A) and (G, B) be two possibility intuitionistic fuzzy soft sets over X ,Y  respectively. Such that

(oo 2= {[e{( 363 ’O'ZJ’((EB) ’OJ ((0 0’ ]H
H 704 (05507 ) H
( @094 (<0401> (10) 3}]}
g

)
o) ( ((10) ]((0502) ] (0601)05U
{(0801>01J’((00) j (0201>°6}J

05 (
(06 (00) }

o0

{[ ((00) N(ly?))“}
+{ldsm o))
(e' {((osm j 00 ]((070)07}}

Since Y s the collection of all possibility intuitionistic fuzzy soft sets over Y  with the parameters from E.
For (iv) and (v),we define mappings I : X —Y and s: E — E as follows:
r(x1) =Y, r(Xz) =Y, r(Xa) =Y, S(el) =€, S(ez) =€, 8(93) =€, and 5(84) =€

Let X ={X,,X,,Xs}, Y ={y,,¥,, Y3}, E ={e,.e,.6;.6,}, E ={¢,.6,,6,}, and (X ,E), (Y ,E)
classes of possibility intuitionistic fuzzy soft set.
Now we choose two possibility intuitionistic fuzzy soft setsin (X ,E) as

(Fp,A)={e3,{(L,o.1j ( X 03} ( OJH,

(0.6,0) (0.9,0) 0.6

(Gq,B)z{es,{[ 4 ,0.1} [ j
(0.4,0.5) (03.05)

Then calculations give

01,

s
{((0301) 02]’
(@

G
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[ yl ,OJ,[L’Oj’(L,OJ}j’
(0,0) (0,0) (0,0)
I, ( yl ,OJ,KL,OsJ[ y3 0
(0,0) (0.9,0) (0,0)’
0,00 )'((0,0)" )\ (0,0)’
i{ e'lz{ yl ,O , y2 10) [ y3 0
(0,0) (0,0) (0,0)°
{ yl ’0 ’ L’O.]-J’( y3 ’O]}}’
(0,0) (0.6,0.3) (0,0)

e'SZ{ yl ’0 , y2 !Olj!( y3 !OJ}J }
(0,0) (0.6,0.3) (0,0)

— f((F,, A A(G,,B))

f(F"’A):{e'“{((oyb’0]’(<0y3>’°]’(<5_3<»’°m’
{(O)J(wmoﬂ{%ﬁﬂw
{J)@ ©0.0)"° mm j}

g
g
{ Jbﬂ 00" mm ]
g
[

Then calculations gives

F((F,, A)AT((G,,B)) = {

}J

Also we have

{@5°)(@5 M(oo )
{wm {00 mmJH}

But (F,, A) z (G,,B).
Theorem 6.11.
Let f :(X,E)— (Y ,E) be mapping. Then for possibility intuitionistic fuzzy soft sets (F,,A) and
(Gq, B) in the possibility intuitionistic fuzzy soft class (Y ,E ) , we have
i. fH2)=0.
i. f7Y)=X
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i.  f((F,, Av(G,B)=fF,AvfG,B).
v.  FY(F, AA(G,,B) = f*(F,, Arf G, B).

v. If(F,,A)c(G,,B), then f’l(Fp,A) c f’l(Gq, B).

Proof. For (i) and (ii) the proof is trivial so we just give the proof of (iii), (iv) and (v).
By using the Atanassov union which is the basic intuitionistic fuzzy union we have

(iii) For ¢ € E and x € X , we want to show
f‘l((Fp, AV (G, B))(a)(x) =f1(F,, A)(BY)v T (G, B)(@)(X). So
4 ((F,, AV (G, B) ) (@)() = 7 ((H,,, AUB)) (@)(X)
= (H(s(@))(r(x)), w(s(@))(r(x))) , s(a)eAUB, r(x)eY
=(H(B)(r(x)), w(p)(r(x)) ) where S =S(a)

-7 (). 8) mex(p(a).afe) ()
=[{maX<ﬂ<“)’9(“))’mm(y(a)’(p(a))}'J(r(x».(u)

max (p().d(a))
For right hand side and by using Definition 6.6, we have

(F (R AV (G, B)(@)(X) = T 7(F,, A)(e)(X) v | (G, B)(@)(x)
=(F(s(@))(r(x)), p(s(@))(r(x)))v
(G(s(@N(r()).a(s(@)(r(x))) . p=s(a)eAUB
=(F(B)r(x)), p(B)(r(x) )v(G(B)r(x)).a(B)r(x) ), B=s(a)
:[{maxwa),e(a)),mm<y<a>,<o<a>>},}(r(x)) n
max(p(«),q(«))
From (1) and (1), we get (iii).
(iv)For « e E , x € X and using Definition 6.6, we have
F2((F, A A G, B)(@)(x) = T ((H,,, AN B))(e)(x)
(H(s@)(r(),w(s(@)(r(x))),  s(@)e AnB
(H(B)(r(x)),w(B)(r(x))) B =s(a)
((FBAGAN(r(x)), (p(B) Aa(A(r (X))
(F(B). p(B)) (r()) A(G(B),a(B)) (r(x))
= (F(s(@))(r(x)), p(s(a))(r(x))) A (G(s(e))(r(x)),a(s(a)(r(x)))
= 1 7(F, A)@)(X) A T (G, B)(@)(x)
= (f1(F,, AN H (G, B)(@)(x)

This gives (iv).
(v) Since we have (F,, A) < (G,,B) then
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(R, A)(@)(X)

(F(s(a)(r(x)), p(s(a)(r(x)))

(FBr(x), p(B)r(x) . s(a) =

< (G(Br(x),a(B)(r(x)))

(G(S(a))(r(x)) a(s(a))(r(x)))
(G, B))(@)(x)

Then this gives (v).

Remark 6.12.

In the previous theorem we can see that the reversal of an implication (v) cannot be hold, as is shown in the
following example.

Example 6.13.
Let X ={X;,X,,X;}, Y ={y.,V,¥:}. E={e,.e,e;5e.} EI:{e‘llelz’els} and (X ,E),

\4 ,E') classes of possibility intuitionistic fuzzy soft sets. To show (v) define mappings I: X —Y |,
s:E —E as follows:

r(x1)=y2, I’(X2)=y2, r(x3):y3, S(e1):e'1’
s(e,)=¢,, s(e;)=¢,, and s(g,) =€, .

We choose two possibility intuitionistic fuzzy soft setsin (Y ,E ) as:

P (06,0.3)’ (0.6,0) (0,0)
(qu B) = {els = {[LJ)sj’(L’OJ’[L,OJ}}
(0.8,0.0) 04,02)" )'\ (0.5,0.4)

for a possibility intuitionistic fuzzy soft set (F,, A) in (¥ ,E ), f‘l(Fp, A) is a possibility intuitionistic fuzzy
softsetin (X ,E) obtained as follows:

(R, A)(e)(x) =

/—\

F(s(e))(r(x)). p(s(e))(r(x)))
=(FED(Y,). pe)(Y,))

/—\

-n®

F (R, A)(e)(X,) ( (s(e))(r(x)), P(s(e))(r(x,)))

(FED(Y,), p(e1)(Y,))
%
(F(se))(r(x)), p(s(e))(r(x)))

SCHICANICHIIA)
)

F (R, A (%)

By similar calculations, consequently, we get
-1 _
f*(F,,A=0

Next for a possibility intuitionistic fuzzy soft set (G,,B) in (Y ,E ), f_l(Gq, B) is a possibility intuitionistic

fuzzy softsetin (X ,E) obtained as follows:
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f Gy, B)(e)(%) = (G(s(8))(r(%)).a(s(e))(r(%))
= (GE)(),aE)(Y.)
=

f 71(Gq’ B)(el)(xz) = (G (S(el))(r(xz)),q (S(el))(r(XZ)))
S CICAARLICHITS)
=

(G, B)(E)(%) = (G (s(6))(r(x,)), a(s(e))(r(x,)))

=(G(eD(¥s), ae)(¥5))
=
By similar calculations, consequently, we get
f(G,,B)=2.

This implies f(F,A)=& < &= f7(G,,B), but(F,, A) (G, B).

8. Conclusion

We have introduced new operations on intuitionistic fuzzy soft set and some properties of these operations have
also been established. A simple example has been presented as an application of this mathematical tool. In this
paper, we have defined the notion of a mapping on the classes of fuzzy soft sets which is a pivotal notion for
advanced development of any new area of mathematical sciences.We have studied the properties of fuzzy soft
images and inverse images which have been supported by examples and counterexamples.We hope these
fundamental results will help the researchers to enhance and promote the research on Fuzzy Soft Set Theory.
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