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Abstract: In this work, we establish some new oscillation results for the second-order nonlinear mixed neutral
dynamic equation

(O O))* + f(t,x( (1)) + (1. x(7,(1))) = 0,
where z(7) = x(¢) — p,(1)x(7,(¢)) + p,(#)x(17,(7)) . Our results not only complement and generalize some

existing results in [4], but also can be applied to some oscillation problems that do not covered before, we also
give some examples to illustrate our main results.
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1. Introduction
The theory of time scales was introduced by Hilger [1] in order to unify, extend and generalize ideas from
discrete calculus, quantum calculus, and continuous calculus to arbitrary time scale calculus. A time scale T is a

nonempty closed subset of the real numbers R . When the time scale equals to the real numbers, the obtained results
represent the classical theories of differential equations while when time scale equals to the integer numbers, the
results represent the theories of difference equations. Many other interesting time scales exist and give arise to many
applications. The new theory of the so - called " dynamic equation™ not only unify the theories of differential
equations and difference equations, but also extends these classical cases to the so - called g- difference equations

when T=q0:={q':teN,forq>1} or T = qz =q” w{0}) which have important applications in
quantum theory (see [2]). Also, it can be applied to different types of time scales like T =hZ,T = Né, and the

space of the harmonic numbers T =T, ={t, :n e N,}.

For an introduction to time scale calculus and dynamic equations, see Bohner and Peterson books [3, 4]. In
recent years, there has been much activities concerning oscillation and nonoscillation of the solution of various
equations on time scales. We refer the reader to the papers [5-13] and references cited therein.

In this paper, we deal with oscillation of the second order mixed nonlinear neutral dynamic equation with
negative neutral term on time scales

(rM@*®))" + f (t.x(z (1)) + 9(t. x(z,(1))) =0, (1.1)

z(t) = x(t) — p(Ox(7.(1) + P, (DX(72,(1)) (1.2)
subject to the following hypotheses:
(Hy) T isan unbounded above time scale and t, € T with t, > 0. We define the

time scale interval [ty, ), by [t,,), = [to,oo)ﬂl“.
(Hy) n,, 7, and 7, : T — T are rd-continuous such that 7, (t) <t, 7, (t) <t,

where

7,(1) >t, limie7(t) =00 =limw7,(t) =co. The function 7, : T — T is an injective rd-continuous
increasing function such that 7, (t) > t.
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(Hs) p,, and p, are non-negative rd-continuous functions on an arbitrary time scale T where
0<p(t)<p <1

(H,4) ris a positive rd-continuous function such that
T AS

= (1.3)

1 ,
orr(s)

where y is a quotient of odd positive integers.

(Hs) f,0eC(P xT,P) such that uf (t,u)>0, ug(t,u)>0, f(t,u)=>q,(t)u® and g(t,u)>q,(t)u”

for u =0, where ¢, and (, are non-negative rd-continuous functions on an arbitrary time scale T . ¢ and /8 are

quotients of odd positive integers.

Through out this paper we assume that

0(a,biu) = [[ T[>, d, (1) = max{0,d ()}, d_(t) = max{0,-d (1)}

“rs) TP

and for sufficiently large t,

w(tt) =0t nn), ¢tL) =0t @O, =12

b a>p,
A(t) ;= a- t As a- 1.4
O= [ =17 a<p, @D
L7 (s)
B_
bO;/l 221,
V4
C(t):==9 8,400 B (1.5)
y [ e
O

where b0 and b, are positive constants, o(t) is the forward jump operator which is defined by

ot)=inf{seT,s>1t}.
By a solution of (1.1), we mean a nontrivial real valued function X satisfies (1.1) for t € T . A solution of (1.1)
is called oscillatory if it is neither eventually positive nor eventually negative; otherwise, it is called nonoscillatory.

Eq. (1.1) is said to be oscillatory if all of its solutions are oscillatory. A nontrivial solution X(t) is said to be almost
oscillatory if either X(t) is oscillatory or X“(t) is oscillatory.
We note that if T=R, then o(t)=t, u(t)=0, f*(t)= f'(t) and (1.1) becomes the second-order

nonlinear mixed neutral differential equation

(r@'®)) + ftx(z M) + 9t x(7, (1)) =0, te[t,,=). (16
If T=Z, then o(t)=t+1, u(t)=1, f{t)=Af(t)=f(t+1)— f(t) and (1.1) becomes the second-
order nonlinear mixed neutral difference equation

A(r()(Az())) + f (t, x(z, (1)) + 9(t, x(z, (1)) =0, telt,,=). @7
As a special case of (1.1), L. Erbe et al. [4] considered the second-order nonlinear functional dynamic equation

(r®Ix®) = pOXEEON)T)* + f(t,x(9(t)) =0, (L.8)

where 77(t) <t and either g(t) >t or g(t) <t and proved that for all sufficiently large T, and T >T, if
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r(s)(p"(s)).)""

(r +1)"p’(s)
where p(S) is a positive A -differentiable function, q(t) € C ,(T,R") such that |uf (t,u) |> q(t) [u[™ for
all u=0,

JAs =0, (1.9)

t—o0

limsup [[M (s, T.) p($)a(s) -

1 g(t) >t
o (t,T.) g(t)<t,

and a(t,T.) = O(t,g(t), T.), then every solution of (1.8) is either oscillatory on [t,,o0), or tends to zero.
Meanwhile, as a special case of (1.6), Qi Li, et al. [14] obtained oscillation criteria for the delay differential

equation

(r(y® - p®y((1))))) +a®) f (y(s(1))) = 0.
Arul and Shobha [15] improved the results obtained in Qi Li, et al. [14] and Thandapani, et al. [16] obtained some
results on oscillatory behavior of the second order neutral difference equation:

A(@, (A%, = X)) + 0, T (%) =0,

M(t,T.) = {

which is a special case of (1.7).

This paper is organized as follows: In Section 2, we give some lemmas that we need through our work. In
Section 3, we establish some new sufficient conditions for oscillation of (1.1). Finally, in Section 4, we present some
examples to illustrate our results.

2. Basic lemmas
In this section, we give some lemmas that play important roles in the proof of our results.

Lemma 2.1 Let conditions H, — H, be satisfied and X(t) is a positive solution of (1.1). Then z(t) satisfies
one of the following two cases:

(C) z(t)>0,z*(t) >0 and (r(t)(z*(t))")* <0
(C,) z(t)<0,z*(t)>0 and (r(t)(z"(t))")* <0,
for t >t where t, > 1, is sufficiently large.

Proof. Suppose that there exists t >1, such that X(t) >0, x(z;(t)) > 0and x(7; (t)) >0,i =1,2 on
[t,,0), . (when X(t) is negative the proof is similar, because the transformation X(t) =—y(t) transforms (1.1)
into the same form). From (1.1) and H,, it follows that

(r®E* ©))" <-6,() x* (1))~ a4, OX" (7, (1) <0 for te[t,, ). (22)
Then, r(t)(z*(t))” is strictly decreasing and of one sign on [t,,c0),. Hence, there exists a t, >t, such that
z%(t)>0o0or z(t) <0 for t > t,.
If z*(t) >0 for t >t,, then we have (C,) or (C,) . Now, we prove that z*(t) <O cannot occur.
1fz8(t) <0 for t>t,, thenr(t)(z*(t)) <—C for t>t,, where C:=-r(t,)(z*(t,))” >0. Thus we
conclude that

2(t) < 2(t,) —cyj s

217 (s)

using (1.3), we have |im_,., Z(t) = —oo. Then we have the following two possiblities

Case(a): If X(t) is unbounded, then there exists a sequence {t,} such that limy_ .t = and
liMi_e X(t,) = 00. Assume that

X(t,) = max{x(s) :t, <s<t}.
Since limi.,(t) = oo, 7, (t,) >t for all sufficiently large K and 77,(t) <t, then

X((t,)) = max{x(s) : t, <s <7 (t )} < max{x(s) -ty <S<LF=x(t), (22)
therefore from(2.2) into (1.2), we have for all large k

10
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2(t) = x(t) — pu(t )X (m (t)) + P, (L)X (72,(t,))
> X(t) — P (t)x(m (L))
> X(t,) — pux(t) = (21— p)x(t) >0,
which contradicts that |jm;_,., Z(t) = —o0
Case (b) : If X(t) is bounded, then z(t) is also bounded which contradicts ljm;_,., Z(t) =—o0.
Hence, z(t) satisfies one of the two cases (C,) or (C,) . This completes the proof.
Lemma 2.2 Assume that X(t) is a positive solution of (1.1) and z(t) satisfies case (C,). Then

lime.. X(t) =0
proof. By z(t) <0 and z*(t) >0, we deduce that
limi..2(t) =1 <0.
As in the proof of Case (@) of the previous lemma, X(t) is bounded, then  |im. X(t) =a > 0. Now, if
a >0, then there exists t, < [t,,00); suchthat limi et =%, limis. X(t,) =a >0 and
X(t,) = max{x(s):t, <s<t},
then z(t,) > x(t,) — pu(t)X( (L)) = X(t) — px(t) = (1— py)x(t,)
thus, 0> limy_. Z(t,) > (1— p,)a > 0, which is a contradiction. Therefore, @ =0 and lim_,.. X(t) = 0.

7+l
Lemma2.3 If f(u)=bu—au’ ,where a>0 and b are constants, then f attains its maximum value on R
* b
atu =( /4 )", and
a(y +1)
B o 77 b;/+l
max f = f(u)=——— :
ueP ( ) (}/ +1)7+1 a’

3. Main Results
Theorem 3.1 Assume that H, - H. hold, z,(t) >7,(t) forall t >t,, and there exists a positive real-valued A -

differentiable  function ~ J(t) such that for all sufficiently large T >t, we have

imsup j[&(s)é(s)[ql(s)L“(s,tl)A(s) -t - 5 r?ngféf?;]As —o a1

where
L(s,t) = min{y (s,1,), 4 (s, 1))},

_ 1 1 L :
t = ) ! ,
) W PO @ P O W P )

Then, every solution of (1.1) is almost oscillatory on [t,,00) or converges to zero as t — 0.

Proof. Assume that X(t) is not almost oscillatory solution of (1.1). Then without loss of generality, there exists
t,>1t, such that X(t) >0, X(z,(t)) >0and x(7, (t)) >0,i =1,2 on [t;,0),. (whenX(t) is negative, the
proof is similar). Then from lemma 2.1, z(t) satisfies one of C, or C,. Since X(t) is not almost oscillatory, we
have the two possibilities:

(1) x*(t)<0 for t>t,

(1) x*(t) >0 for t>t,
Casel. Suppose that condition C, holds and X" (t) <0, then we have
2(t) < () + P, (OX(7, (V)

11
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<A+ p,(©)x(t) fort=>t,,
choosing t, >t, such that 7,(t) > t; forall t >, then

Xo()>————2(r,) and X(r,O)>——— 25 O), 121, 62)

1+p, (Tl (1) 1+p, (Tz (1)
substituting from (3.2) into (2.1), we have
A 7\A _ql(t) a _ qz(t) B
OO = @on " @y - Y
<N 02 (6, 0) + 5,02 (O] for t=t, @3
. 1 1
where N @) @ P @)
Defining the function W by
w=5(t) —r(t)(ﬂz (()t))y SED)
then w(t) >0 and
W (t) = (i(()))(r(t)(z ())* +re®)2 (M) (i((?))
o(t RN N L 27 (1) () — s (2” (1)"
=( ﬂ((t)))(r(t)(z () +re®)(z* () 2 ”Zﬁ((t))zﬁ (ézt()z) ) g5

Substituting from (3.3) and (3.4) into (3.5), we obtained

w(® < —SON OO Dy 27 )+, 0 Dy

21 2t
oy SO W) (V) (2 1)
sy ") 2 (02" (o(1) 2t GO

Since 7,(t) >, forall t >t,, then integrating z*(t) from 7,(t) to t and using the fact that r(t)(z*(t))” isa
decreasing function, we have

)2y = | TOE Oy

A< (6 (0)2(5(0) j

7y (1) I’y(S) 7y (1) I’y(S)
Hence,
y A t % A t 1
LD N (502 (50) P8 oy MEOZ GO s T asy
2(t) 2(t) 7(1) r;(s) Z(t) ‘1,-;(3) Yy ;(S)
Integrating 2 (t) from t, to 7,(t), we get
7(t)
2(z, (1)) 2 2(7, (1)) - Z(tl)>r (z.(1)2° (7 (1)) f
Ir7(3)
hence
7 (1)
Ir7(Tl(t))2 (. (1)) < (38)
r’ (S)
Substituting from (3.8) into (3.7), we have
2(r,(V) ,_ 2m)"F As b oas
N Z(t)[j ][{ {i ,
r(s) r(s) r’(s)

12
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then
Z(z7,(t
% >p(tt). forall t>t,  (39)

Using z(t) >0,z (t) >0 and (r(t)(z"(t))")* <0, then there exists t; [t,,00), and positive constants b

and b, such that

¢ As
2(t,) = b, < z(t) <b, j —t2t, (310
1rr(s)
hence, we have
b’ azp
t
277 ()2 A(t) = e s J‘ 1AS 7’ a<p G
1 ()
Using the chain rule, we get
(M, p=1
(3.12)

()" =
pr)(z(c®))”",  p<1

since, o(t) >t and r(t)(z*(t))” is a decreasing function, then

(F(U(t)))y (o(t). (3.13)

2 (t) > ——F—
r’ (t)
Using (3.4), (3.12) and (3.13), we have
7 (58 By
2o CONEO. 20— wo). @
(5 (o) r" (t)
where A = 7/—+1 Using (3.10), we have
b,
W' L
t)))” =C(t):= ot N
(z(o (1)) (t) blf j) As L- By
HOT
consequently (3.14) becomes
A V(=5 A
OO GO @O, IO g 12, s
(S(a®)r (1)

BIAOI

Since 7,(t) >t and z*(t) >0, the 0 -
Substituting from the above inequality, (3.9), (3.11) and (3.15) into (3 6), we obtain
o(t)C(t

w*(t) < —S(ON [0, Oy (t, t1)A(t)+qz(t)]+ 5( ()) w(o(t)) - 1
(S(a@®)r (1)
using lemma (2.3) and taking
_ O Ly .o BSOCH
S(a(t L
) (37O r ()

then

13
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EaoN pIOCH) Y @)
W(o () - L wi(o(t) s — L TR gy,
5(o (V) IR B+ & OO

Substituting from (3.17) into (3.16), we obtain

WA () £ -SONOIGOY LLAD + g 0]+~ TOCONT

>t
By +1y §7(C (1)

Integrating the above inequality from t; to t, we get

A0 CHO) N
( );/+1 5y (3)07 (S) W(tS) W(t) < W(tS)

j [S(S)N(S)[0,(S)w " (5,t) A(S) + Gy (5)]

which is a contradlctlon with (3.1).
Case 2. Suppose that condition C, holds and X*(t) > 0. Then we have

z(t) < x(1) + P, (Ox (7, (1))
<@+ p, O, (1) Vit
Choosing t, sufficiently large such that t; >t and 77,"(t) > t, forall t > t,, then

1 1
)>——72(7,M(t) t=t,.
T o R

Taking t, >ty such that 7, (t) > ts forall t>t,, then

1 4 1 E]
X(z, (1)) 2 m 2(n, (z,(t))) and x(r, (t))zmz(ﬂz (7, (1), t=t,. (3.18)

substituting from (3.18) into (2.1), we have

(' (r, () Yt2t,.  (3.19)

A Y\ A _ql(t) af. -1 qz (t)
t t)) )" < 2 (n(1) - 1
OO = o mieoy " O i m o)y

Using the same technique we used in Case 1, we obtain

w(® < -5OM OO By g, 002 2Dy,

z(t) z(t)
ESON wW(o(t)) — ﬁé(t)c(tl) w(o(t)) Vit (3.20)
5(o(t)) i
(6(c®) r” ()
where M (t) = min{ L L 1.

L+ P (@O 1+ p, (5" (7, (1)))”
since t>7,"(z,(t)) >t, for all t>t,, then integrate z*(t) from 7,"(z,(t)) to t and using the fact that

r(t)(z*(t))” is a decreasing function, we have

1020 = | COCOD s ) 7 ) I

nz’l(rl(t)) I’}'(S) ny (Tl(t)) I’y(S)

Hence,

t

2(7, (n (D) > [1- r7(772_1(71(t)))2 (7, (z,(1))) J‘ ﬁ]
2(t) 2(t) :

A0 17 (s)

14
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(e, (1)

ry(772 (Tl(t)))z (772 (Tl(t)))

AS
T ]. (3.21)

SO

>1-

Integrating z*(t) from t, to 77,*(,(t)), we get

7y (7 (1)

255, (O)) 2 205" (R (O) - 2) 2 1 (R EONZ (R O) [
o)
hence
1 7y (2 (1) A
17 (7, (m, () 2" (" (7,(1)) < 20, (r (O))] I 1 62
v (S)
Substituting from (3.22) into (3.21), we have
20 () 5 g 205 (mO) (f“” 85y os ” ]fl“” 55
0 2(t) L ; S
(7(s) hri(s) tor(s)

then
73 (71 (1)

1

2 (@) .t r(s) =g (tt) Vixt,.

0 > j " (3.23)

()

Since 7, (t) > 7,(t), then
L{UAGIO) I vixt,. (3.24)
z(t)
Substituting from (3.23) and (3.24) into (3.20), we obtain
W' () < -SOM OO G LAD + 0,01+ - ((;) (o) -2 o). e
(O )

Using Lemma 2.3 and integrating from t, to t, we get

[I5(s)M () (s)ek” (5,1) A(s) + 0y (5)] - AL O CHO)

B (y+1y" &7 (s)C7(s) w(t,) —w(t) <w(t;) (3.26)

t7
which is a contradiction with (3.1).
Finally, suppose that condition C, holds, then according to lemma 2.3, we have  lim., X(t) =0. This
completes the proof

Theorem 3.2 Assume that H,-H. hold and 7, (t) > 7, (t) for all t >t;. Furthermore suppose that there exists a
positive real-valued A -differentiable function &(t) such that for all sufficiently large T > t, >1,, we have

JAs =0, (3.27)

. 7 H(9)EA(s)
imstp | [I6Z6)a, ()L (5. AGS) + 6, () (5.1)] T G (S

where
L(s,t,) = min{y(s,t,), 4 (s, t,)}and v(s,t,) = min{1,¢,(s,t,)}

Then, every solution of (1.1) is almost oscillatory on [to, oo)T or converges to zero as t — oo

15
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Proof. Assume that X(t) is not almost oscillatory solution of (1.1). Then without loss of generality, there exists
t, >t, such that X(t) >0, X(z; (t)) > 0and x(7; (t)) > 0,i =1,2 on [t;,00).. (when X(t) is negative, the
proof is similar). Then from lemma 2.1, Z(t) satisfies one of C, or C,. Since X(t) is not almost oscillatory, we
have the two possibilities (1), (I1) in the proof of Theorem 3.1

Casel. Suppose that condition C, holds and x* (t) <0, then the proof is similar to that of case 1 in Theorem 3.1.
So, it is omitted.
Case 2. Suppose that condition C, holds and XA(t) > (0, then using the same technique that used in Theorem 3.1

in Case 2, untill we reach to (3.20). Hence

W () < ~sOM O OCEZEODye s 1y 4 0y QO oy,
z(t) z(t)

L] _SMr mE ®) 2 1)

" 07 )
Since, 77,(t) > 7,(t) >t,, then t > 7,7 (z,(t)) > t, forall t >t,. Using the fact that I(t)(z"(t))” is decreasing,
we can prove that

Vt>t,. (3.28)

7y (75 (1)

AS

1

2 @) L rr(s)
20 > j P é,(tt) Vixt, (329
b r;(s)
Substituting from (3.11), (3.15), (3.23) and (3.29) into (3.28), we obtain
W (1) < ~SOM O, O (.8 A + 6, 08 € )]+ 2= L o) -
5(a(t)

Using Lemma 2.3 and integrating from t, to t, we get

i[a(s)M OO DA GO G- (yﬁy = rg)gc(s)()s)] Cwt) WD) <wt) @31
which is a contradiction with (3.27).

Finally, if condition C, holds, then according to lemma 2.3, we have [im;_,. X(t) = 0. This completes the proof

Theorem 3.3 Assume that H,-H;, z,(t) >7,(t) for all t>1t; and there exist functions H,h such that for
each fixed t, H(t,S) and h(t,s) are rd-continuous with respectto s on A ={(t,s):t > >1,} such that
H(t,t)=0,t>t,, H(ts)>0,t>s>t,, (3.32
and H has a non-positive continuous A -partial derivative H 8 (t,s) satisfying
S(t) _ h(t,s P
;( )= (a )(H t,s)™. (333
s°(t)  6°(1)
Assume that there exists a positive real-valued A -differentiable function S(t) such that for all sufficiently large
T>t >t,, wehave

H (t,5)+ H(t,s)

imsup - (18O (NGO (5 A+ (N “;1&2;;;;2;* JAs=o, (334

Then, every solution of (1.1) is almost oscillatory on [t,,00); or converges to zeroas t—> co.

16
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Proof. Assume that X(t) is not almost oscillatory solution of (1.1). Then without loss of generality, there exists
t, >t, such that X(t) >0, x(z; (t)) > 0and x(7; (t)) > 0,i =1,2 on [t;,0);. (when X(t) is negative, the
proof is similar). Then from lemma 2.1, Z(t) satisfies one of C, or C,. Since X(t) is not almost oscillatory, we
have the two possibilities (1), (1) in the proof of Theorem 3.2

Casel. Suppose that condition C, holds and XA(t) < 0. Proceeding as in the proof of Case 1 in Theorem 3.1
until we get (3.16), therefore

SONOWOY €LAD + R O1< w0+ 2 Lwto() -—LO0— o))’
(ST ©

Multiplying both sides of the previous inequality by H(t,S) and integrating from t. tot, we get

I[H (t,5)5(s)N(s)[a, ()" (5,1,) A(S) + G, (5)]As

L3

< [HE W (s)as + j H(t.s) “8 w (s)as— [ PREDIEICE) (g as
s 5 r7(s)(67(s))"

< H(t,t)w(t,) + j[_ UUDIGICD) IR —j PHESISEICE) (o)) as
‘ o7(s) 5 7 (s)(57(s))

< H(t,t)w(t,) + j[h & S;g'?s()t' D e (s)as j ﬁHl(t’ SYOICE) (e (syyas. (335)
t 517 (s)(57(s))”
Using lemma 2.3, with
and b NLES(H(ES)” |
5°(s)

_ AH(L5)S(S)C(s)
r7 (8)(8° (3))"

we get:
h_(t,s)(H(t, S))* W7 (s) - ﬂH(t 8)5(8)0(5)( w7 (s))’ < i r(s)(h_(s,t))""
5°(s) ry (8)(5°(3))" B (y+1)" 67(s)C7(s)
Substituting (3.36) into (3.35), we get

(3.36)

I[H (t,5)5(s)N(8)[a,(s)y” (5,1 A(S) + Q,(5)]1As

3

< H (t,t)w(t, )+J' FRer 4 s r(;)y((hs‘)(cs;t()s);* AS,

which implies

i )I [S(S)N($)H (t,9)[GL (5w (5,5 AGS) + Gy (5)] -

r’ r(s)(h_(s,0)"™"
B (r+1y" §7(s)C7(s)
this is a contradiction with (3.34).

Case 2. Suppose that condition C, holds and XA(t) > 0. Proceeding as in the proof of Case 2 in Theorem 3.1
until Eq. (3.25), we get:

JAs < w(ts),
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SOM OO CLAD + (O] W)+ ((t)» w(o(t) -—L20 (ot
(ST O

Multiplying both sides of the above inequality by H(t,S), integrating from t, tot and following the same proof
of the above Case, we obtain

I[cf(s)'\/I (S)H (L, S)[au(S)e" (5, 1) A(S) + 0, (S)] =

H(tt)

y rEh s )

B (y+1)" 57 (s)C7(9)
which is a contradiction with (3.34).

1As < w(t,)

Finally, suppose that condition C, holds. Then, according to lemma 2.3, we get lim;_,. X(t) = 0. This completes
the proof
Theorem 3.4 Assume that H,-H. hold, 7,(t) >7,(t) for all t=t;. Also, assume thst there exist functions

H,h and & defined as in Theorem 3.3 and satisfying Egs. (3.32), (3.33) and

) 1 r(s)(hf(s,t))ﬁl] As=w, (3.37)
B (y+1)" 67(s)C7(s)

Then, every solution of (1.1) is almost oscillatory on [t,,0) or converges to zeroas t — 0.

limsup

t—>o

(1 n [[8(8)2()H t,5)lax ()L (5, L)A(S) +07 (5,) 6, (5)] -

Proof. Assume that X(t) is not almost oscillatory solution of (1.1). Then without loss of generality, there exists
t, >t, such that X(t) >0, x(z; (t)) > 0and x(7; (t)) > 0,i =1,2 on [t;,0),. (when X(t) is negative, the
proof is similar). Then from lemma 2.1, z(t) satisfies one of C, or C,. Since X(t) is not almost oscillatory, we
have the two possibilities (1), (11) in the proof of Theorem 3.1
Casel. Suppose that condition C, holds and XA(t) < 0. Then the proof is similar to that of Case 1 in Theorem
3.3. So it is omitted.

Case 2. Suppose that condition C, holds and x*(t) > 0. Proceeding as in the proof of Case 2 in Theorem 3.2
until Eq. (3.30), we get

O oty 2O (o,

Sa(t) CEORA

SEOM O, (O (8, 1) AW + 0, (D¢ (1, 6)] < -w* (1) + -

Multiplying both sides of the above inequality by H(t,S), integrating from t,tot and following the same
technique as in Case 1 Theorem 3.3, we obtain

1 3 , i
H(LL) £[5(S)M (S)H (t, $)[0,(5)e (5,1, ) A(S) + 0, (8) ¢’ (5, 1,)]

y r(s)(h_(s,)™
GOy aEce 1o
which is a contradiction with (3.37).

Finally, suppose that condition C, holds, then according to lemma 2.3, we get |im;_,., X(t) = 0. This completes

the proof

4 Examples
In this section, we give some examples to illustrate our main results.

Example 4.1 Take T =[t, +I1,0), where t, >0 and consider the equation

18
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[X(t) —% X(t —%) T ox(t +%)]" T 32x(t —%) L8x(t+TT)=0forall t>t, +TL  (4.)

Here

I 11
a=p=y=Lr()=1nM)=7)=t—— 2 () =t+— 5 , T, (1) =t+ 11, p,(t) =
p,(t) =2,q,(t) =32and g,(t) =8
then substituting in (1.4) and (1.5), we obtain A(S) = C(s) =1. Also
[ — As j As=oo and 7i(z,(t) =t—TL
tl+1'l r (S) t1+l'[

hence t, <7, (7, ()) < 7,(t) and ¢(s,1,) < w(s,1,) . Consequently
s
() = sty ==
t-t
[as
b

NIH

Also &(s) = % . Since 72, (t) < 7,(t), then subistituting in (3.1) with S(t) =1, we get

Ilmsupj—[32g
t—owo T

using Theorem 3.1, we obtain that every solution of (4.1) is almost oscillatory or converges to zero as t — co. Note
that X(t) =sin4t is an olmost oscillatory solution to Eq. (4.1).

+8]JAs = (4.2)

Remark 4.1 The results of Arul and Shobha [15], Erbe, et al. [7] and Qi Li, et al. [14] can not be applied to (4.1) as
p,(t) =0 and f(t,x(z7,(t))) =0 = g(t,X(z,(t))). but according to Theorem 3.1 we obtain that every solution
of (4.1) is almost oscillatory or converges to zero as t — 0.

Example 4.2 Take T =[2t;,0), where t, > 0 and consider the equation

[[[x(t)—%x(m(t»+%x(2t)]A]“]A + G0 (1) + G (O)X° 2t +1) = 0. 43)

Here

a=9,$=8,7=4 1) =1, () <t m,(t) =2t 7,(t) =t, 7, (t) = 2t +1, p,(t) = %

P G V) -2
P =560 = (i and ()

then substituting in (1.4) and (1.5), we obtain A(S) = C(S) = b,

T As jAs—oo and 7; (z-l(t)):%
e y(s) 2y
hence t, <7, (7,()) < 7,(t) and so ¢ (s,1,) <y (s,1,), consequently
TAS Ly,
() = () = 6" = ()" >0
[as
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Also &£(s) = (g)9 ,since 72, (t) < 7, (t), then substitute in (3.1) with S(t) =1 we have

c 4.3
limsup [(=)°=As = 4.4
t—>oopfr|.(5) S * ( )

using Theorem 3.1, we find that every solution of (4.3) is almost oscillatory or converges to zero as t — co.

Remark 4.2 The results of Erbe, et al. [7] can not be applied to (4.3) as p,(t) #0,a# =y and both

f (t, x(z7,(t))) = 0= g(t, x(z,(t))). But according to Theorem 3.1, we obtain that every solution of (4.3) is
almost oscillatory or converges to zero as t — 0.

References

[1] Hilger, S., 1990. "Analysis on measure chains-A unified approach to continuous and discrete calculus."
Results Math, vol. 18, pp. 18-56.

[2] Kac, V. and Chueng, P., 2002. "Quantum Calculus, Universitext."

[3] Bohner, M. and Peterson, A., 2001. Dynamic equations on time scales: An introduction with applications.
Boston: Birkh user.

[4] Bohner, M. and Peterson, A., 2003. Advances in dynamic equations on time scales. Boston: Birkh user.

[5] Agarwal, R. P., O’Regan, D., and Saker, S. H., 2007. "Oscillation results for second-order nonlinear neutral

delay dynamic equations on time scales.” Applicable Analysis, vol. 86, pp. 1-17.
[6] Agarwal, R. P., O’Regan, D., and Saker, S. H., 2008. "Oscillation theorems for second-order nonlinear
neutral delay dynamic equations on time scales." Acta Mathematica Sinica, vol. 24, pp. 1409-1432.

[7] Erbe, L., Lynn, Taher, S. H., and Allan, P., 2009. "Oscillation criteria for nonlinear functional neutral
dynamic equations on time scales.” Journal of Difference Equations and Applications, vol. 15, pp. 1097-
1116.

[8] Chen, D. X., 2010. "Oscillation of second-order Emden-Fowler neutral delay dynamic equations on time
scales.” Mathematical and Computer Modelling, vol. 51, pp. 1221-1229.

[9] Chen, D. X. and Lui, G. H., 2011. "Oscillatory behavior of a class of second-order nonlinear dynamic

equations on time sacles.”" Internationa Journal of Engineering and Manufacturing, vol. 1, pp. 72-79.

[10] O’Regan, D. and Saker, S. H., 2012. "New oscillation criteria for second-order neutral dynamic equations
on time scales via riccati substitution.” Hiroshima Mathematical Journal, vol. 42, pp. 77-98.

[11] Sahiner, Y., 2006. "Oscillation of second-order neutral delay and mixed type dynamic equations on time
scales." Advances in Difference Equations, vol. 2006, pp. 1-9.

[12] Saker, S. H., 2006. "Oscillation of second-order nonlinear neutral delay dynamic equations on time scales.”
Journal of Computational and Applied Mathematics, vol. 187, pp. 123-141.

[13] Tao, J., Shuhong, T., and Thandapani, E., 2014. "Oscillation of second-order neutral dynamic equations
with mixed arguments." Appl. Math. Inf. Sci., vol. 8, pp. 2225-2228.

[14] Qi Li, Rui Wang, Feng Chen, and Tongxing, L., 2015. "Oscillation of second-order nonlinear delay
differential equations with non positive neutral coefficients." Advances in Difference Equations, vol. 35, pp.
1-7.

[15] Arul, R. and Shobha, V. S., 2016. " Improvement results for oscillatory behavior of second order neutral
differential equations with nonpositive neutral term." British Journal of Mathematics Computer Science,
vol. 12, pp. 1-7.

[16] Thandapani, E., Balasubramanian, V., and John, R. G., 2013. "Oscillation criteria for second order neutral
difference equations with negative neutral term." International Journal of Pure and Applied Mathematics,
vol. 87, pp. 283-292.

20



