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1. Introduction

The theory of neutral delay differential equations is important both theoretical and practical interest. For the
basic theory of neutral delay differential equations, the reader is referred to the books by Bellman and Cooke [1],
Driver [2], El’sgol’ts and Norkin [3], Hale and Verduyn Lunel [4] Kolmanovski and Myshkis [5] and
Lakshmikantham, et al. [6].

In this paper, we deal with the stability of the trivial solution for a third order linear autonomous neutral delay
differential equation with constant delay. An asymptotic result for the solutions is obtained. Also, an estimate of the
solutions is established. The sufficient conditions for the stability and the asymptotic stability of the trivial solution
and some examples are given. Our results are derived by the use of real roots (with an appropriate property) of the
corresponding (in a sense) characteristic equations.

The very interesting asymptotic and stability results were given by Philos and Purnaras [7-9]. The techniques
applied in [10, 11] are originated in a combination of the methods used in [7-9].

Yenigerioglu [11] obtained some results on the qualitative behavior of the solutions of a second order linear
autonomous delay differential equation with a single delay. The main idea in Yenigerioglu [11] is that of
transforming the second order delay differential equation into a first order delay differential equation, by the use of a
real root of the corresponding characteristic equation. The same idea will be used in this paper to obtain some
general results.

Recently, Cahlon and Schmidt [12] have established the stability criteria for a third order delay differential
equation. This equation is obtained the stability of third order delay differential equation using Pontryagin’s theory
for quasi-polynomials. However, we study the stability of the some problem using the method of characteristic roots.

Let us consider initial value problem for third orderneutral delay differential equation

[y" @) +cy"(t—72)] = py @)+ p,y"(t—7) + 0,y (1) + 0, Y (t - 7)
+V Y +v,y(t—7) t>0, (1.1)

where C, P;, Py, G5, Q,, Vy, V, are real numbers, 7 is a positive real number. In a previous paper [13], we

considered Eqg. (1.1) with = 0, g, = 0 and v; = 0 which arose from a robotic model with damping and delay. There
are no practical stability criteria of the zero solution of (1.1). For studies of stability of restricted special cases of
(1.1) see [14, 15].

By a solution of the neutral delay differential equation (1.1), we mean a twice continuously differentiable real-
valued function Yy defined on the interval [—7,00), which is thrice continuously differentiable on [0, c) and
satisfies (1.1) forall t > 0.

Together with the neutral delay differential equation (1.1), it is customary to specify an initial condition of the
form

yt)=¢(t) for —7z<t<0, (1.2)
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where the initial function @(t) is a given twice continuously differentiable real-valued function on the initial
interval [—7,0].

Equations (1.1) and (1.2) constitute an initial value problem (I\VP, for short). It is known that, (see, for example,
Driver [5] ) for any given initial function ¢, there exists a unique solution of the initial value problem (1.1) and (1.2)

or, more briefly, the solution of the IVP (1.1) and (1.2).
Along with the neutral delay differential equation (1.1), we associate the equation

A+ lce™ =2p, +Aq, +v, +e " (/12 p, + Ad, +v2), (1.3)
which will be called the characteristic equation of (1.1). Eq. (1.3) is obtained from (1.1) by looking for solutions of
the form y(t) =e”*' for t > —7.
For a given real root A, of the characteristic equation (1.3), we consider the (second order) neutral delay

differential equation
2'(t)+ce ™ z"(t—7) = (p, —34,)Z'(t) +e ™ (p, —3cA,)z'(t —7) + (q, +2p, A, —342)z(t)

t
+e (g, +2p,A, —3c)z(t—7) —e " (p, A2 +q,A, +V, —CA) Iz(s)ds . (1.4)
t-7
A solution of the neutral delay differential equation (1.4) is a continuous real-valued function z defined on the
interval [—7,0), which is twice continuously differentiable on [0, 0) and satisfies (1.4) forall t > 0.
With the neutral delay differential equation (1.4), we associate the equation

5% +co%e™ " = (p, —34,)6 +(p, —3cA,) e " 1 g, +2p, A, — 342
+(q, +2p, 4, —3cA2)e T e (p, A2 +q,A, +V, )5 (L-e ™), (1.5)
which is said to be the characteristic equation of (1.4). This equation is obtained from (1.4) by seeking solutions of
the form z(t) =e°' for t > —7.
For our convenience, we introduce some notations. For a given real root /10 of the characteristic equation (1.3),
we set
=07 (P, 22 + Uy +V, —CA2)T =0, — 2P, A0 +3CA2 )~y — 2Py g +34 16
ﬂzo P4, + 024, TV, 0)T— 0 P24, o)~ 0 P14, 0 (1.6)
and, also, we define

L(4:9) = ¢"(0) +€¢"(=7) + (A — p)#'(0) + (AoC = P )¢ (=) + (25 — PiAy — A1)¢(0)

0
+ (€45 = Doy — U )P(=7) + €7 (P, 45 + 0y Ay +V, —CA) [ g(s)ds (L7)
in addition, provided that ,B% # 0, we define
D, (A #)(t) = g(t)e ™ — % for —7<t<0. (1.8)
)

We will now give a proposition, which plays a crucial role in obtaining our main results.
Proposition 1.1. Let A, be real root of the characteristic equation (1.3), and let B, and L(A,; @) be defined by

(1.6) and (1.7), respectively. Suppose that 3, # 0, and define @, (1,;¢) by (1.8).

Then a continuous real-valued function Y defined on the interval [—z,00) is the solution of the IVP (1.1) and
(1.2) if and only if the function z defined by

L(A4,;
z(t) = y()e ™ —M for t>—7 (1.9)
0
is the solution of the neutral delay differential equation (1.4) which satisfies the initial condition
2(t) =D, (A;4)(t) for —7<t<0. (1.10)
Proof. Let Y be the solution of the IVP (1.1) and (1.2).Define
x(t) =e ™ 'y(t) for t e[-r,00), (1.12)

where /10 is a real root of the characteristic equation (1.3). Then, for every t > 0 ,we have
[x”(t) +oe O X"(t—7) + (34, — p )X (t) +e " (3¢, — p,)X'(t —17)
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+ (345 —2p,Ag — G, )X(D)+e " (BcAg — 2P, A, — G, )X(t ~ T)]

= (P A2 + QA +V, — A)X(t) + e (p, 2 + Ay +V, —CAIX(t—7). (1.12)
Moreover, the initial condition (1.2) can be equivalently written
x(t) =e 'g(t) for te[-7,0]. (1.13)

Furthermore, by using (1.3) and taking into account (1.13), we can verify that (1.12) is equivalent to

X"(t) +0e X" (t—7) + (3%, — p)X (1) +& " (3¢, — P, )X (t—7) + (3% — 2P Ay — A X(1)

t
+e7 (30 — 2P, Ay — U )X(t = 7) = (i Ag + Gy +V; — 43) [ X(s)ds
0

t
+e7 (P, A5 + 0y Ay +V, — c)tﬁ)I X(s —)ds + x"(0) + ce ' X"(—7) + (34, — p,)X'(0)
0
+€77 (304 — P,)X(=7) + (345 — 2Py Ay — 0)X(0) + 77 (3045 — 2P, A, —Ap)X(-7).
X"(t) +ce " X"(t —7) = (p, =34, )X'(t) + €77 (p, —3cA, )X (t —7) + (0, +2p, A, —342)X(t)

t
+€7 (0, +2py A —3CAX(t =) + (P 4§ + Ty g +Vy — 43) [ X(5)dis
0

t—r
+&7 (P2 + 0y Ay +V, —CA3) [ X(s)ds +¢"(0) — 2,4(0) + A54(0)

+C(p"(=7) = 2409/ (=7) + Ao (=7)) + (3% — P, )(¢#'(0) — Ao¢(0))
+ (3o = P, )@ (=7) = Ao p(=1)) + (345 — 2P, Ay — 0, )$(0)
+ (302{2) —2p, 4y —0,)p(-7),
X'(t) + &5 X!t —7) = (P, — 34 )X'(1) +& 7 (p, — 304, )Xt — 1) + (0 + 2P, ~ B)X()

t
+€77 (0, + 2P, Ao —3CA)X(t —7) + (P A5 + Gy +V, — /13)] x(s)ds
0

t—r
+875 (P Ay + 0y +V, —CA3) [ X(S)ds + L(4434).
0
X'(t) +Ce X (t—7) = (P, ~34)X' (1) + & " (p, —3cA )X (t =) + (0 + 2Py Ay —325)X(1)

t
+e7%7(q, +2p, A, —3CAIX(t —7) —e (P, A5 + Gy Ay +V, — c;tg)_[ X(s)ds
0

t—7
+e7%7 (P, A8 + 0,4y +V, —CA) Ix(s)ds +L(40: 9),
0
X"(t) +ce o X (t —7) = (p, — 34, )X'(t) + &7 (p, —3cA, )X (t —7) + (0, +2p, A, —342)x(t)

t
+€77 (0, + 2P, A —3CA)X(t —7) — T (g + Up g +V, —C5) [X(8)ds + L(Agig),  (1.14)

t-r
where L(4, ; @) was given in (1.7).
Now, we take into account the assumption ﬂ% # 0 and we define
L(A;
z(t) = x(t) _Llhid) for t>-r. (1.15)
B

Then, because of definition of ,B% by (1.6), it is a matter of elementary calculations to show that X satisfies (1.14)

for t >0 if and only if z satisfies (1.4) for t >0, i.e., if and only if z is a solution of the neutral delay
differential equation (1.4). Moreover, we see that the initial condition (1.13) is equivalently written as follows
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2(t) = e p(t) - =L
B,
We have thus proved that Y is the solution of the IVP (1.1) and (1.2) if and only if z is the solution of the
neutral delay differential equation (1.4) which satisfies the initial condition (1.16). By (1.11), we see that
(1.15)coincides with (1.9). Also, by taking into account the definition of (Dl(ﬂo;¢) by (1.8), we observe that
(1.16) coincides with the initial condition (1.10). The proof of the propositionl.1 is completed.
For a given real root /10 and 50 of the characteristic equation (1.3) and (1.5), respectively, we consider the (first
order) neutral delay differential equation

W (t) + ce W (t — 7) = (p, — 34, — 25, )W(t) +e %7 (p, —3cA, —2¢5, )w(t —7)

for —7<t<0. (1.16)

t
+e 7 (e52 — (p, —3CA )5, — (Gy + 2P, A0 —SCZS))IW(S)dS

t—r

T t
+e (P, A2 +Qydy +V, — c/lf,)je“%s { Iw(u)du}ds . (1.17)
0 t-s
By a solution of the neutral delay (1.17), we mean a continuous real-valued function W defined on the interval
[—7,00), which is continuously differentiable on [0, c0) and satisfies (1.17) forall t > 0.
The characteristic equation of the neutral delay differential equation (1.17) is

AL+ ce oranT )= p —34 — 25, +(p, —3cA, —2¢5, e T
+e R (C52 — ,5, +3CA,S, — Uy — 2P, A +3¢A2) y Hl—e )
+e " (p, 2 +q,A, +V, —CA) ¥ {60’1 (1— e " )— Sy +)7" (1— e (%tn)e )} (1.18)
The last equation is obtained from (1.17) by seeking solutions of the form W(t) =e" fort>—r.
For our convenience, we introduce some notations. For a given real root /10 of the characteristic equation (1.3)

and a given real root 50 of the characteristic equation (1.5), we set

Mo, = e‘“ﬂ*‘s‘l)’{(pz&(, —3CA,0y + 0, +2p,A, —3cA —0502)1— p, +3c4, +2050}
—p,+34, +25, —e (P, A2 + 0,4, +V, — cﬂg)jse“%sds (1.19)
and let @, (A,; @) be defined by (1.8). Also, we define O
R(Zo: 85:) = (@4(Ai) (0) — 5,0, (Ao /)0)
oo (0,(2i8)) (-7) ~ 8,0, Uai D) |~ (P, ~ 3% — 28,0, (i)
—e ™ (p, —3cA, —2¢5,)D, (A,; #)(~7)

0
+@ ot (( P2 _3Cﬁo)5o +0; + 2 pzﬂvo _302(2) - C§02 )J‘e‘5°sc1)1(10;¢)(s)ds

T 0
—e (P, 8 + Uy +V, —CA) | e{ | e5°“®1(zo;¢)(u)du}ds . (120
0 -s

!
where (@, (4y;4)) is derivative of ®, (4,;) ; in addition, provided that M55, # 0, we define

R(4,6,:9)
. -3 . ’ ’
D, (A, 50; 9)(t) =€ '@, (Ag; (1) ————
77%:50
We will now give a proposition, which plays a crucial role in obtaining our main results.
Proposition 1.2. Let J, be real root of the characteristic equation (1.5), and let 77, ; and R(4,,0,;9) be

for t e[—7,0]. (1.21)

defined by (1.19) and (1.20), respectively. Suppose that 77, , # O and define D, (4,0, ) by (1.21).
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Then a continuous real-valued function z defined on the interval [—7,0) is the solution of the neutral delay
differential equation (1.4) which satisfies the initial condition (1.10) if and only if the function W defined by

w(t) =e ' z(t) —M for t>—7r (1.22)
3.6,
is the solution of the neutral delay differential equation (1.17) which satisfies the initial condition
wW(t) =D, (4,,0,;9)(t) for —7<t<0. (1.23)

Proof. Let now z be the solution of (1.4) and (1.10) and O, be a real root of the characteristic equation (1.5).
Define
v(t) =e ™z(t) forall t e[-7,00), (1.24)
where O, is a real root of the characteristic equation (1.5). Then, for every t > 0 ,we have
V() +ce B0 (t — 1) = (p, — 34, — 25, V'(t) + & %7 (p, —3cA, —2¢S,)V'(t - 7)
+ (8, P, =32, + 0y +2p, Ay — 325 — 5, V(1)
+e Nt (5 p, —3CA, 0, + 0, +2P,A, —3CA2 —COZIV(t —7)

- efﬂor ( pzﬂucz) + qz/lo +V, - Cﬂ‘g)jeié‘osv(t - S)dS : (1.25)
0

Moreover, the initial condition (1.16) can be equivalently written
V(t) =e ' D, (4, 9)(t) for t e[-7,0], (1.26)
where @, was given in (1.8). Furthermore, by using (1.5) and taking into account (1.26), we can verify that (1.25) is

equivalent to
V() + ce” XtV (t — 1) = v'(0) + ce” PV (1) + (p, — 34, — 25, V(1)

—(p, — 34, —25,)v(0) + e %) (p, —3cA, —2cS, V(t —7)

t
—e R0 (n, —3cA, —2¢5, V(1) + (8o P, — 34,5y + 0y + 2P, A0 — 348 — 57 )I v(s)ds
0
t
+e (S, p, —3CA,8, + 0, + 2Py Ay — ¢4 —¢57) [ V(s —)ds
0

T t
—e (P, 2 +Qydy +V, — cﬁé)je‘5°s {IV(U - s)du}ds :
0 0

V() + e NV (- 7) = (@, (A 6)) (0) — 5o, (A3 #)(O)
#0e((®,(2:9)) ()~ 8,0, (a3 9)(-0) | + (P, ~ 3% ~ 28,00

— (P, =3y —25,) D, (Ay; #)(0) + &7 (p, —3cA, — 2¢5, )V(t —7)
—e™hr (p, =3¢, —2€6,) @, (4y; #)(—7)

t
+(By Py~ 350 + 0y + 2Py 2 —3%5 —57) [(s)ds
0

0 t-7
+e %) (5 0, —8CA, 5,y + 0, + 2P, A —3CA2 — c502){fv(s)ds + jv(s)dS}
r 0

T 0 t-s
—e (P, 2 + 0, A +V, _c/lg)J.e‘SOS{J‘v(u)du + Iv(u)du}ds,
0 -s 0

V() +ce RtV (t — 1) = (p, — 34, — 25, )V(t) +e %7 (p, —3cA, —2¢5,)V(t —7)
+ {ei(ﬂoﬂ%)r ((:502 - ( P, — 30/10)50 - (Q2 +2 pzﬂ“o - SC%))

25



Academic Journal of Applied Mathematical Sciences, 2017, 3(3): 21-39

t
+ 8,10 N p, 22 + 0 Ay +v, — 23 [ (s)ds
0
t-r
+e (oto) (50 (p, —3cA,) +0Q, +2p,A, —3cA’ —cS? )Iv(s)ds
0

T t-s
—e (P A + Ay Ay +V, — cﬂ%)je“s"S { Iv(u)du}ds +R(4y,60: ).
0 0
V() +ce etV (t — 1) = (p, — 34, — 25, )v(t) +e %7 (p, —3cA, —2¢5,)V(t 1)

t
e U0 (e52 — (p, ~3¢40)8, — (0, + 2,2 —3c42)) [V(s)ds
t—r
T t
+e T (P A0 + 0,4, +V, — cﬂg)je“%sds _[v(s)ds
0 0

T t—s
—e (P, A5 + 0y Ao +V, — cﬂ,ﬁ;)je*%s { fV(U)dU}dS +R(4,6,:9)
0 0
V() +ce etV (t — 1) = (p, — 34, — 25, )v(t) +e %7 (p, —3cA, —2¢5,)V(t —7)

t
+e (062 —(p, ~3049)8, — (0, + 2P, A, —3622)) [V(s)ds

t-7
T t
+e 7 (P A2+, A +V, — c/’tﬁ)je‘d°s{ jv(u)du}ds +R(4,,6,:9), (1.27)
0 t-s
where R(4,,0,; @) was given in (1.20).
Next, we take into account the assumption 77, . # 0 and we define
w(t) =v(t) - R %) s (1.28)
Mo 09

Then, because of definition of 3,5, by (1.19), it is a matter of elementary calculations to show that V satisfies

(1.27) for t > 0 if and only if W satisfies (1.17) for t > 0, i.e., if and only if W is a solution of the neutral delay
differential equation (1.17). Moreover, we see that the initial condition (1.26) is equivalently written as follows

Wt) = &, (2 g)(0) - Lo %0i?)

5.5,
We have thus proved that z is the solution of (1.4) and (1.10) if and only if W is the solution of the neutral
delay differential equation (1.17) which satisfies the initial condition (1.29). By (1.24), we see that (1.28) coincides

with (1.22). Also, by taking into account the definition of @, (4,,J,;¢) by (1.21), we observe that (1.29)
coincides with the initial condition (1.23). The proof of the proposition 1.2 is completed.
Let C([—T,O], IR) be the Banach space of all continuous real-valued functions on the interval [—7,0],
endowed with the usual sup-norm
||‘~P|| = max|‘P(t)| for We C( [-7,0], IR).

—7<t<0

for —7<t<0. (1.29)

Moreover, let Cz([—r,O], IR) be the set of all twice continuously differentiable real-valued functions on the
interval [—7,0]. This set is a Banach space with the norm

[ =mex{e] L ¥, [#7]) for ¥ eC([-2.0], IR).
As it concerns the IVP (1.1) and (1.2) studied in this paper, the initial function ¢ belongs to CZ([—T,O], IR). So,
the notation ”¢”c2 used in Section 3 is defined by

Il =max{ld] . |#] . 9]} = max{ max|gct) , max

—7<t<0

#®)], max|g"()] |.

—7<t<0
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Before closing this section, we will give three well-known definitions. The trivial solution of theneutral delay
differential equation (1.1) is said to be “stable” (at 0) if for every & >0, there existsa ¢ = /(&) > 0 such that, for

any ¢ € Cz([—T,O], IR) with ||¢5||C2 < £, the solution Yy of the IVP (1.1) and (1.2) satisfies

|y@t)|<e forall te[—7,0).
Otherwise, the trivial solution of (1.1) is said to be “unstable” (at 0). Moreover, the trivial solution of (1.1) is called
“asymptotically stable” (at 0) if it is stable in the above sense and, in addition, there exists a £, > 0 such that, for

any ¢ € CZ([—T,O], IR)with ||¢||C2 </, the solution y of the IVP (1.1)-(1.2) satisfies
!im |y(t) |=0; ie., !im y(t)=0.

2. An Asymptotic Results

Our purpose in this section is to establish the following theorem.
Theorem 2.1. Let A, be real root of the characteristic equation (1.3), and let B, and L(A,; ) be defined by

(1.6) and (1.7), respectively. Furthermore, let &, be real root of the characteristic equation (1.5), and let 5.6,

R(4y,04;¢) and @, (4,,0,; @) be defined by (1.19), (1.20) and (1.21), respectively. Moreover, let ¥, be a real
root of the characteristic equation (1.18). Suppose that ,B% # 0and M5, * 0. ( Note that, because of ﬂﬂo #0,

we always have &, # 0 and y, # —J,. Furthermore, because of 77, 5 # O, we always have 7, #0.) Set
- o T
étzﬂ,so,yo =€ Votoot70) [(pz _3(%0 _2C50 _C7O)T+C]

+e‘“°+‘5°”(0502 - p,8, +3¢1,0, —q, —2p,A, +3cA2 )Ie‘“ss ds
0

+e " (IOMS +Q,4, +V, —CA )j'e‘%S {je”’”u du}ds (2.1)
0 0

and, also, define
K(4y,50,70:8) = @, (4,,6,:6)(0) + Cei(ﬂo%[))rq)z (Ao:60:8)(=7)

0
+e ot )T (n _3CA — 208, —Cyy ) j e 7D, (4,5, 4)(s)ds
T 0
+e (052 — p, 5, +302,5 — 0, — 2P, Ay + 302 )| €7 { [e7 @, (4, 6; ¢)(U)dU}dS
0 -S

T S 0
+e (pzﬂg +Q,A, +V, —CA )je“sOs {J'e‘”“ {_[e‘”’“’cpz (A, Sy ; ¢)(a))dw}du}ds N )]
0 -u

0
Assume that

'uﬂoﬁo,% — e*(%+§o+7o)r U D, —3C/10 _ 2C50 —C]/O|z' N |C|]

+ ef(lo+50)r

CO5 = P,J +3CA,8, — 0, — 2P, 4 +30ﬂ“§‘_[977033 ds
0

+e

T S

P, AL + Uy Ay +V, — cftﬁUe“’bs {Je‘““u du}ds< 1. (2.3)
0 0

( This assumption guarantees that 1+ é‘%ﬁo% > 0.) Then the solution Y of the IVP (1.1) and (1.2) satisfies

L(ﬂo;¢)e—60t_R(ﬂoyé‘o;¢) _ K(45,64:70:8)
1+§/10-50’70 .

limJe 70| e oty (t) —

t—xo

(2.4)
PR UPAER
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Before we prove the above theorem, we will present some observations, which are concerned with a real root /10

of the characteristic equation (1.3), a real root &, of the characteristic equation (1.5) and a real root y, of the

characteristic equation (1.18).
Let F (&) denote the characteristic function of (1.5), i.e.,

F(6) =067 +co’e %™ —(p, —31,)0 —(p, —3cA,)de %" —q, —2p,A, + 322
—(q, +2p,A, —3cA2)e P e (p, A2 +Q,4, +V, —CA) S A—-e).
Since 0 =0 is a removable singularity of F(5), we can regard F(5) as a entire function with
F(0) = e (( pz/lg +0,4, +V, _C/Ig)r —0, —2P, A, + 30/15)_ o, —2p,4 +3)“§ = ﬂ% .
Hence, if we assume that ,B% # 0, then we always have 5, # 0. Let G() denote the characteristic function of

1.18),i.e.,
o G(y) = —yll+ce %o ) p, ~34 —25, +(p, —3cA, — 25, o oo
+e B (C52 — ,5, +3CA,5, — Uy — 2P, A +3¢A2) y Hl—e )
+e 7 (P, 2 + Uy Ay +V, —CA2) 7 HS, L7 )= (5, + ) HL—e @),
Since y =0 is a removable singularity of G(y), we can regard G(y) as a entire function with
G(0) = p, —34, — 25, +(p, —3cA, —2c5, e "
+e R0 (057 — 8, +3c5, — Gy —2PyA +3CA )
e (P A2+ Gy dy +V, —CAS) 8,2 (l—e ™ —5,re ™ )= M5
Hence, if we assume that 77, , # 0, then we always have y, # 0. Furthermore, since y =—0d, (5, #0)isa
removable singularity of G(y), we can regard G(y) as a entire function with
G(=5,) = 5, (1+ce " )+ p, =32, — 25, +(p, —3¢A, —2¢5, e
—e W (CS2 — p, 5, +3CAgFy — O, — 2P, A0 + 3042 ) 5, H(L—e )
—e (P2 + Uy Ay +V, —CAY) 8,15, - e ) 7)
or
é‘oG‘(_é‘o) = _502 + 50(p1 _3}“0)"' 50(p2 _3C/10 - 2050 )ei%r
—e T (CS2 — p, Sy + 35, — Gy — 2P, Ay +3CA2)
+e7 (2652 — P, 8, +3CA, 5y — 0, — 2Py + 364
— e (P, A2 + 04, +V, —CAY) 50‘1(1— e )
+e % (p, A2 +Q,4, +V, —CL)7 .
By using (1.5), we derive
5,6 (=0) = {0, +2py g 34 )- 7 (d, + 2,4 ~3c )
+e7(PyAs +0pdy +V, —CA)T = B, .
But, by the definition of S, #0, a root of the characteristic equation (1.18) must become y, # —0,.

Consequently, it must be J, # Oreal root of the characteristic equation (1.5) and ¥, # 0, 7, # —d, real root of
the characteristic equation (1.18).
Define i 5076 by (2.3). It is clear i 5076 is positive. So, (2.3) can equivalently be written as follows

0<p 5., <1 (2.5)
Furthermore, for the real constant fﬂﬂl 5.7, defined by (2.1), we have

< ‘e’%*%%” [(p, —3cA, —2¢8, —cy, )r + c]‘

‘510,50,70
+ e*(l()*‘5‘>”(c5(,2 —p,8, +3¢A,0, — 0, —2p,A, +3CA3 )J‘e%ss ds

0
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+ e’%’(pzﬂé +0,A, +V, —CA )j'e‘*’s {je”’“u du}ds
0 0

< e*(%*‘so*?o)T [

P, —3CA, —2CS, —Cy,lz +]c| ]

+ ef(lo+50)r

CO5 = PoJ +3CA,8, — 0, — 2P, 4 +30ﬂ“§‘_[977033 ds
0

+e

P, A2 + 0, A +V, — ciﬁ”e“g"s {Ie‘”’“u du}dsE 7
0 0

That is,
| 5&0,50,% I< Mo 5070 (2.6)
Thus, if we assume that (2.3) is satisfied, i.e., that (2.5) holds, then (2.6) gives | fﬁoﬁo% |< 1. This guarantees, in
particular, that
1+&, 5., > 0.

Proof of Theorem 2.1. Let Y be the solution of the IVP (1.1) and (1.2). Define the function z by (1.9). By
Proposition 1.1, the fact that Y is the solution of the IVP (1.1) and (1.2) is equivalent to the fact that z is the

solution of the neutral delay differential equation (1.4) which satisfies the initial condition (1.10). Furthermore,
define the function W by (1.22). By Proposition 1.2, the fact that z is the solution of the neutral delay differential
equation (1.4) and (1.10) is equivalent to the fact that W is the solution of the neutral delay differential equation
(1.17) which satisfies the initial condition (1.23). Set

Q) =e”'w(t) forall t e[~7,0). 27)
Then, using the fact that y, is a real root of the characteristic equation (1.18), from (1.17) we obtain, for every
t>0,
Q/(t) +ce QY (t - 7) = (py — 34y — 25, — 7o) QA1)
+e BT (p, —3cq, —2¢8, —Cpy) At —17)

+e (057 — D5, +302,6, — 0, — 2P,y +3042) [ 7 Ot — 5)ds
0

+e (P, A0 + 0,4, +V, — cﬂg)je*‘%s {je““ Q(t - u)du}ds . (2.8)
0 0
Moreover, the initial condition (1.29) can be equivalently written
Qt) =e7'D,(4,,5,;4)(t) for t e[-7,0], (2.9)

where @, (A, 5,; @) is defined by (1.21). Furthermore, using the fact that ¥, is a real root of (1.18) and taking
into account (2.9), we can verify that (2.8) is equivalent to
t
Q(t) + ce o Ot — ) = (p, — 34, — 28, — 7,) j Q(s)ds
0
t
+e Gtt)T (p 3¢ —2C8, — Cyo)jQ(s —7)ds
0

T t
+ e‘”‘“*"\f”’(c@)2 —P,0, +3cA,0, — 0, — 2P, 4, +3c/’t§))je‘7°5 {IQ(U - s)du}ds
0 0

T S t
e (22 4 Qg v, ) € { fer { Q- u)dw}du}ds
0 0 0

+O(0) + ce T (—7) |
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t
Q(t) + ce P Ot — ) = (p, — 34, — 28, — 7,) j Q(s)ds
0
‘ t—r
+e Wt t)T (p 3¢ —2C8, —Cy,) IQ(s)ds

T t-s
+e T (07 — 5, + 30405 — Gy — 2P, +3022) [ €7 { | Q(U)dU}ds

0 -S

T S t-u
+e (P, A + Gpdy +V, —CA3) e {J.e”’” { J.Q(a))da)}du}ds
0 —u

0

+O(0) + ce o0 (—7) |

t
Q(t) +ce ROt — 1) = —g )T (p —3c A, —2C5, —Cy,) IQ(s)ds
t

-7

T t
—e T (e52 1,5, + 302,35y — 0, — 2P, A0 + 3cl§))je’7°S { IQ(U)dU}dS
0

t-s

T S t
_e—ﬂor(pzlg + 0, A +V, — C}bg)je—ﬁos {J‘e—you {IQ(a))da)}du}dS +K (4,00, 70:0), (2.10)
0 0

t-u
where K(A,,3,,7,; @) is defined by (2.2). Next, we define
K(4,60,70:9)

1+ ‘f%v5o’70
where fﬂoﬁwo is defined by (2.1). Then we can see that (2.10) reduces to the following equivalent equation

o) =Q(t) -

fort>—r, (2.12)

t
O(t) +ce ot @(t — 1) = —e L% (p 3¢, — 25, —Cy,) I@)(s)ds

t—-r

T t
-~ e-“o*%)f(cao2 — o8y +3CA, 8, — U, — 2P, A, +3CA )j e { j @(u)du}ds
0

t—s

T S t
—e (P, 2+ Qydy +V, — c/lf))je*‘%s {j e’ { J' @(a))da)}du}ds (2.12)
0 0 t-u

forall t > 0. On the other hand, the initial condition (2.9) can be equivalently written

K (4,00, 70;
Ot) =e 7D, (4,,5,;8)(t) — (49,9, 70:) , for te[-7,0]. (2.13)
l+ 5%,50170
Now, we shall prove that
!im O()=0. (2.14)
Define
. K (49,85 70;
M (R 8y, 70:6) = MBX e, (83 ) (1) — 22 0T ) (2.15)
—7<t<0 1+ 5%’50% ‘
It follows from (2.13) and (2.15) that
| O) £ M (4y,0,,74:¢) for —7<t<0. (2.16)
We will show that M (A4, 8y, 7, ¢#) is a bound of the function ® on the whole interval [—7,0) , i.e., that
| O(t) £ M (4,04, 7:¢) forall t>—7. (2.17)
For this purpose, we consider an arbitrary positive real number & . We claim that
|Ot) < M(Ay,04,70: @)+ & forevery t>—7. (2.18)
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Otherwise, since (2.16) implies that | ©(t) |< M (4,,8,,7,;#) + & for —7 <t <0, there exists a point t” >0
such that

|OF) < M(A,,8,,70:8) +&, for —z<t<t and |Ot")|=M(A,,5,,7,:0)+&.
Then, by taking into account the definition of M5 50 76 by (2.3) and using (2.5), from (2.12) we obtain
M(4y,8,.70:9) +& = o)

-
< c|e orotrn)r P, —3cA, —2C5, —Cyy I ©(s)|ds

t -7

T t*
C3 = P30y +3C A8, — 0, — 2P, A +3CA)| j g 7o { j |®(u)|du}ds
0

t'—s

@(t* _ T)‘ + e*(%*‘so*}/o)f

+ ef(lﬁ+50)7

+e

T S t"
P, A5 + Uy g +V, —cAg| [ | e‘“”{ | |®(m)|da)}du ds
0 0 t"-u

< e Gorsmlr [p, —3c4, —2¢68, —cyo|r +|c]]

+ ef(zﬂjLé‘O)T

C33 = P,5, +3C4,8, —0, — 2P, 4, + 3¢ [e "*sds
0

S

P, A2 + 0, Ay +V, — cﬁ?,Ue”"s {J'e“”u du}ds}(M (A0, 85,70:8) + &),
0

0
= Higipre M (A0:80.70:9)
<M (4,6, 70:9) + €.
We have thus arrived at a contradiction, which establishes our claim, i.e., that (2.18) holds true. As (2.18) is

satisfied for all real numbers & > 0, it follows that (2.17) is always fulfilled. Furthermore, by using (2.17), from
(2.12) we get, forevery t >0,

+e M

t
|©@) [l c|e Vo0 P, ~ 362, — 268, 7y |

t-r

@(t _ T)| + e*(%*‘so*}/o)f

©(s)|ds

+ e_(ﬂ'ﬁ*’é‘o)r

T t
COZ — P,0, +3CA,0, — U, —2P,A, + 3cﬂ§Ue‘7°s {j|®(u)|du}ds
0 t-s

t

D, A2 40, A +V, — ciﬁ‘je"ﬁs {j'eyou { J.|®(a))|da)}du}ds
0 0

+e M

t-u

< e Goram)r [P, =3¢, —2¢8, —cyo|r +|c]]

+ ef(lo+50)r

CO5 = P,J +3CA,8, — 0, — 2P, 4 +30ﬂ,§Ue*7oSS ds
0

+e M

Po A5 + Uy Ay +V, —CA| [ {Ie“’”u du}ds} M (.84, 70:8).-
0 0

Thus, by taking into account the definition of £z, . .= by (2.3), we have
| O(t) [< Mg 55,7 M (4, 80,70;¢) forevery t=0. (2.19)
By using (2.12) and taking into account the definition of 30 50 76 by (2.3) as well as taking into account (2.17) and

(219), one can prove, by an easy induction, that the  function ® satisfies

10®) < (14, 5., )"M (A5, 76i4), forall t=nr—7, (n=01.). (2.20)

Because of (2.5), we have
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liml, 5,,,1"=0. (221)
In view of (2.21), it follows from (2.20) that !El; O(t) =0, ie., (2.14) holds true.
Finally, by (1.22), (2.7) and (2.11), we have
L(ﬂo;@efaot_R(ﬂo’é‘o;@ _K(10750170;¢)1
13,10 1345, 1+ éﬂﬂvﬁov}'o

for t > —7z . In view of this equality, (2.4) coincides with (2.14). So, the solution Yy of the IVP (1.1) and (1.2)
satisfies (2.4). The proof of the theorem is complete.

O(t) =e 7! e Bty (t) — (2.22)

3. An Estimate of the Solutions and a Stability Criterion

Our results in this section are Theorem 3.1 below and its corollary.
Theorem3.1. Let A, be a real root of the characteristic equation (1.3), and suppose that ﬂ% # 0, where ,B% is

defined by (1.6). Let &, be a real root of the characteristic equation (1.5), suppose that M5y * 0, where 5.5,
is defined by (1.19). Furthermore, let y, be a real root of the characteristic equation (1.18), and let 920’50% be
defined by (2.1). ( Note that, because of [ W * 0, we always have 50 # 0 and Vo # —50. Furthermore, because
of 7, 5 # 0, we always have y, # 0.) Set

m(ﬂo,éo,y0)=max{1 , et e ert el e(%”"”"”}. (3.1)
Assume that My 5000 <1 holds, where M 5070 is defined by (2.3). ( This assumption guarantees that
1+¢, 5., >0.) Thenthe solution y of the IVP (1.1) and (1.2) satisfies

k h )
| y(t) [<{ —2e® 4 el ™t 1 (2,5, y,)e P g (32)
|ﬁ/10 | 77,10150
forall t >0, where
Ky =THICl+] 2 = Py [+] AC— P, | +] 45 = Py =0 |+ €25 — P20 — 0, |
0
+e7 | p, A2 + 0,4, +V, —cﬂ.ﬁ”e‘ﬂﬂsds : (33)
Ksy Aot
N s =M, 8y 7)| 1+ 2 W (L] Ag] +]04] NL-+]cle ™)
8.
+|p, =32y — 268, +e 7| p, —3cA, — 2¢5,|
0
+e Rt (., —3¢4,) S, + 0, +2p,A, —3cA3 —céoz‘ Ie‘%sds} }||¢ o (3.4)
k h 1+ u
9(49,60.70) :ﬂﬂo,soyyomz(/l /00, 70)| 1+ Shamai 1 — J0:%0:70 (35
‘ﬁjﬁ‘ ‘77/10,60 +§%:50:70
0
f%ﬁov% — {1+|C|e(%+§o)f +e*(ﬂo+5g+7o)f p2 —3Cﬂo _ 2050 —C]/O| J.eﬂosds

+ e ordr

T 0
CO2 — P,5y +3CA5y — Uy — 2P, A4 +3c/1§‘.|.e*7°S {Ie%“du}ds
0

-S

p2/1(2) +0,4 +V, _Cﬂg‘je_%s {Js.e_you {_Te‘“‘”da)}du}ds
0 0 —u

+e 7
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k h
xm(4,,0,,70)71 14 Loy Lo L (3.6)
A
The constant g(4,,J, 7,) is greater than 1.

Corollary 3.2. Let A,, &, and ¥, be real roots of the characteristic equations (1.3), (1.5) and (1.18), respectively.
Suppose that 8, #0Oand 77, 5 #0,where f, and 1,  are defined by (1.6) and (1.19), respectively. ( Note
that, because of 3, #0, we always have &, #0 and y, # —0,. Furthermore, because of 7,  #0, we
always have y, #0.)

Assume that 4z, o = < 1 holds, where M5 s 5, 18 defined by (2.3). Then the trivial solution of the neutral delay
differential equation (1.1) is stable if 4, <0 , 4, +6, <0, 4, +, + ¥, <0 and it is asymptotically stable if
Ao <0, Ag+6, <0, 4, +35, +y, <0.

Proof of Theorem 3.1. First of all, we observe that, for any real number a, it holds max e ' = max {1 , e¥ }

—7<t<0

So, using (3.1), we immediately see that
et et gt elrdl elerhiol <mg sy Y, 3.7)
for —7<t< O_ These inequalities will be frequently used later.
Define L(4,;¢) by (1.7). Then

|L(Z:9) 19" Q) |+ cl ¢"(=0) [ +] 4 = P | #'(O) [ +[ AC = P, | #'(=7) |
+1 26 = Pido =y | 0) | +1 A5 — oAy — | ¢(-7) |

+e

0
PoAg + 0 +V, —CA5| [€7 | () | ds

+(l ié — Py — 0 |

0
P, A + Ay +V, — clﬁ”e“ds}”q)“cz .

4

A= P |+ 4= P,

s{ @+lc e

+| Clg - P4 — 0, |+ei%r

By (3.3), we have
| L(4p:9) 1<K, |- (3.8)
Consider the function @, (A,; @) defined by (1.8). Then, by (3.1), we have

IL(%:9)]

|@&%@%m@wqywﬁ+‘ ‘
Ao

and so, in view of (3.8),

”q)l(lo;@” <mM(4,, 6,70 )”¢” ‘

%\
Therefore,

H®M@Mkmuwmm)h- ¢ - (3.9)

5.
Furthermore,

(@, (o) | < Mo, 85,10 ) 9]+ 1)
where (CDl(/L);¢)), is derivative of @, (A,; @), andtherefore,

(q)l(ﬁ“0;¢)), < m(ﬂo'50’7o)(1+|/10| )

(3.10)
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Let us consider the constant R(A,, &, ; @) defined by (1.20). Then, by (3.9) and (3.10), we have
(©,(2:6) (©)+ 18, (2:4)(0)
+kh”“(Gbxﬂa¢»(—n-ﬁ@ﬂ@ﬁﬂa¢x—n{)wpl—3my—&%wbxza¢xm|

P, —3CAy — 2C5,||®, (Ay; #)(—7))|

|R(ﬂo'5o;¢)| <

+e "

wwww&mawﬁMMBw%ﬂF“@M@M“

<|(@.i0)| #1600, i + 0 [(@10i00) | + 3], i
+| p, —34, — 250|||CI)1(/10,¢)|| +e p, —3cA, — 2050| ||<I)l(ﬂo,¢)||

+ e—(ﬂo+50)7

@, (Z;¢)|ds

0
(P, —3C4) 3y + 0y +2p, 4 — 304 —C35 | [

K, K,
<M(4y, 5, 7/0){1+|/1| |5|[1+‘ J cle %’[1+|z| |5|{1+‘ ‘N
% ﬂo

k
p, —3c4, 205|[1+ }
8]

K,
(p, —3¢2y) 8, + 0, +2p,A, —3CA2 — caz\je%{u—] SHM'CZ

+|p, =34, — 26, |[1+k—}+e or
18|

+ e—(/lo‘*"so)f

8.

<m(4,,5,, yo)(1+k—J{(1+|,1| +16,] N1+|cle )

B,
+|p, =32y — 26, +e™*

P, —3CA, — 2C5,|

0
+g ot (pz —3010)50 +0, +2P,4, _3Cﬁ“§ _C502‘ J-egosds} }”¢”c2 '

By (3.4), we have
|R(Z,50:8) <, 5 [4]cc -

(3.11)
Consider the function @, (A, &y; @) defined by (1.21). Then, by (3.1), we have
L(A ; y) 15 :
||<Dz(/10,5o;¢)||£m(/lo,cso,yo)||¢||+| (o;9) My, 5,,70) + o Ry, 60:9)
A e

and so, in view of (3.8) and (3.11),

[, (20, 65: )] < M(Ag. &y, 7o) @]+ M4, S, 70) = ll: + s |l
‘ ﬂo‘ "7%,50

Therefore,

[©, (2, 8:8)| < M(4y, 55, 7/0){1+ Kio M 50}

. T
Let us consider the constant K (A4, 8y, 7,; @) defined by (2.2). Then, by (3.12), we have
K(Z9: 85, 763 8)| <@, (Ao 8 #)(0)| +|cle™ ™ |, (4, 6 #) (7))

(3.12)
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4 o Vordotn)r

0
P, —3CA, —2CS, —Cy,| je%s @, (4, S;4)(s)|ds

+ e Gotdo)r

T 0
CS3 = P,5y + 30448, — 0, — 2P, 4, + 3¢ [e 7 {'[e“)“ |®2(/10,50;¢)(u)|du}ds
0 -s

T S 0
P, AL + 0,4, +V, — cﬁgUe“%s {Ie‘“’” {Ie%“’@z (9,9, ¢)(a))|da)}du}ds
0 0 -u
<@, (A, &: 9| +|cle™ @, (g, & 9)|

+e

P

0
P, —3CA, —2C3, —Cy,| Ie""s |©, (4, 5y;4)||ds

+ e Votd)r

T 0
C53 = P,5, +3C4,6, — 0, — 2P, A, + 3¢ [ 7 {J'e”)“ ||®2(/10,50;¢)||du}ds
0 s

T S 0
P, A2+ QuAy +V, — cﬂﬁ”e“%s {Ie%“ {_[e‘“‘”
0 0 —-u

S {1+|C|e_(ﬂ'ﬂ+§0)r +e_(%+50+70)7

+e

@, (A,,6,; ¢)||da)}du}ds

0
P, —3cA, —2C5, —Cyy je‘”’sds

+ e Vord)r

T 0
COZ — P,0, +3CA,0, — 0, — 2P, +Sc/1§Ue*7°S {'[e%“du}ds
0 -s

pzﬂ(z) +0,4, +V, _Cﬂg‘je_%s {Js.e_you {_Te““’da)}du}ds}
0 0 -u

k h, ,
X m(ﬂ’o’5017/0){1+_%+ foth }”¢

Bal [0
By (3.6), we have
| K(Zo: 80, 70i D E £ s [Hce

+e

c?’

(3.13)
Let fﬁo%% be defined by (2.1), ( Note that, because of M 5070 <1 by (2.3), we always have
1+¢&, 5., >0.)anddefine M(4,,0,7,;¢) by (2.15). Then, by using (3.1), we have

K(A,,0,,7,;
Ml 3 7616) <M 10 o 8 )+ L0701
1+§%r50’70

So, by virtue of (3.12) and (3.13), we have

M sy, 7558) < |0 Ul By )| 1 s ey Lo g

Bl 11sl) 1 Ennn
Now, let y be the solution of the IVP (1.1) and (1.2), and define the functions z by (1.9) and W by (1.22).
Also, we define the functions QQ and ©® by (2.7) and (2.11), respectively. Note that (2.1) ( which is a consequence
of the assumption (2.3) ) states that 1+ 5%160170 > 0. Then, as in the proof of the Theorem 2.1, we show that (2.19)

o (3.14)

and (2.22) are satisfied. We shall prove that Y satisfies (3.2), where the constants k, , h, ;. 9(4,,0,7,) are
/ Joi6y 7, AF€ defined by (3.3), (3.4), (3.5) and (3.6), respectively.
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From (2.22) it follows that
y(t) L(/101¢) Z.OI R(/107501¢) e(ﬂo+50)'[ @(t) + K(A’O’ 0’7/O7¢) e(ﬂo+50+}/0)'[
B, M35, 1+¢&
for t > 0 and consequently

o) </ o s, R85 0)

el o
Thus, using (2.19), we obtain

o)< S s, RO G0
‘ﬂ%‘ ‘77,10 5

A0.%0.7%0

+| o)+

|K(/10 100,705 ¢)| glotdo+ro)t
1+§%x50170

K (4,9, 70;
+ s, 601 M(ﬁo’50a70;¢)+| (4,9, 7, ¢)|:|e(ﬂo+§o+y0)t (3.15)

1+ fﬁovﬁov}’o
for t > 0. Using (3.8) and (3. 11) we obtain

L(%:9)| _ <Koy (3.16)
18] \/%\
and
IR(4q,8; ¢)| M, I, (3.17)

‘77}“0'50 ‘ % S
Moreover, by the use of (3.13) and (3.14), we get

K(4y, 8, 70:9)
ﬂ%ﬁov?/o M(10150|y0;¢)+| 1i§:6 ° |
100:70

k, h 1 !
SIS LECY o,yo)[1+ e J+ e b g

‘ Ao ‘ ‘n% Sy 1+ éjﬁov%v?’o 1+ éj’%ﬁo#ﬂ

k, h 1+ u, s
by M Ul By ) L et | T ey gy
20,80, 0“0 0[ ‘ %‘ ‘U%b‘ 1_‘_5%’50’70 29,80, C
So, because of (3.5), we have
K(4,,0,,7,;
Mg .50.7 M (4 150170;¢)+| (9905 ¢)| < 9(10150,70)”¢”Cz- (3.18)

1+&, 5
100:70
Using (3.16), (3.17) and (3.18), we immediately see that (3.15) implies (3.2). Hence, (3.2) has been proved.
Finally, we will establish that the constant (4,3, 7,) is greater than 1. By (2.6) and since 1+ &, ; >0,
we have
0<1+ é:%v50v70 <1+ ‘510,50,}/0 ‘ <1+ ‘u/loﬁoﬂo !
which ensures that
1+'u%v50’70
1+ 5%,50,70
Furthermore, as M(A,, S, 7,) =1, from (3.6) we have
Cosome L
Thus, we obtain
1+ ’uﬂoﬁo’}/o

1+ 5%,50,70

1<

1<

490070
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Hence, it follows from the definition of g(4,,d, 7,)by (3.5) that g(4y,d, 7,) is always greater than 1. The

proof of the theorem is now complete.
Proof of Corollary 3.2. Let Yy be the solution of the IVP (1.1) and (1.2). By Theorem 3.1, the solution Yy satisfies

(3.2), where 3, , 1, 5 klo, h%ﬁO and g(4y,5,7,) are defined by (1.6), (1.19), (3.3), (3.4) and (3.5),
respectively. The constant g(A,,J, ,) is greater than 1.
Assume first that /10 <0, Ay +0, <0and A, + 0, +y, < 0. Then (3.2), gives

hﬂo%
ly(®) [< |ﬂ | ‘ +9(4,6,70) for t >0.
%o M5,.5,
So, if we set
K., h,,
S(4y, 070)_ + +0(4, 070)
|ﬂ%| ‘771050

then we have
| y(t) < S(/lo,50’7/0)||¢5||C2 forevery t > 0.
Since g(4y,0,7,) >1, we always have S(A4,,0, 7,) > 1. Thus, we obtain
| y(®) [< S(4,,6, 7, )”¢”02 forall t > —7.
Using this inequality, we can immediately verify that the trivial solution of (1.1) is stable (at 0).

Next, let us suppose that A, <0 , Ay +J, <0and A, + 0, +y, <0. Then the trivial solution of (1.1) is
stable (at 0). Furthermore, we see that it follows from (3.2) that the solution Yy satisfies

!im y(t)=0.

Hence, the trivial solution of (1.1) is asymptotically stable (at 0).
The proof of Corollary 3.2 is completed.

4. Examples
Example 4.1. Consider

YO+ S y(t-1) = [§ 2 —6jy”(t) ILRV/TEE +[9 s —11jy'(t>
e e e e e e
y(t-1)+ (——ei-ajy(t)— Sye-n, t=o0, @.1)
y(t):¢(t), _1<t<0,

where ¢@(t) is an arbitrary twice continuously differentiable initial function on the interval [—1,0]. In this example
we apply the characteristic equations (1.3), (1.5) and (1.18). That is, the characteristic equation (1.3) is

B+ 1P 1 B :iz(g—%—6)+i(g—%—11}+(§—12—6)
e e e€ e e e e
_ 6 11 6
+€e i( 12 e4 ﬁe—4—e—4j ) (4.2)
and we see that A = —1 is a real root of (4.2). Then, for A, = —1the characteristic equation (1.5) is
5°+6° %e” = [g—%—3j5—%5e1“’ +[§—%—2j—%e” : 4.3)
(S e e € e e (S

Therefore, 0 = 0, = —1 is a real root of (4.3). Then, for A, = 6, = —1 the characteristic equation (1.18) is

oo (22

and we see that ¥ = y, = —0.84253 is a real root of (4.4) andthe conditions of Corollary3.2 are satisfied. That is,
0, =-1#0, y,=-0.84253=0, y, # -0,

and
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1.1575
Higsyre = Ha1-1,084253~ e—4 <1.
Since 4, =—-1<0,4,+6, =—2<0 and A, +0J,+y, =—2.84253 <0 the zero solution of (4.1) is

asymptotically stable.
Example 4.2. Consider

1 9 , 9 6
"tY+—vy"(t-05)=] —e"——e—-6 |V ) —— Vy"(t-0.5
V(0 + 5 y(t-05) (40 2 jy() S yie-09)
9 , 9 8
+| —e " ——e-8|lyt)-—Yy'(t-05), t=>0, 4.5
(20 20 )y() 10y( ) (4.5)

yt)=¢(t), —-05<t<0,
where ¢@(t) is an arbitrary twice continuously differentiable initial function on the interval [—1,0]. In this example
we apply the characteristic equations (1.3), (1.5) and (1.18). That is, the characteristic equation (1.3) is

A A
Ao e 2 pe-o)rd me - Sems)-e H(2 20 2a) o

and we see easily that 4 = 0 is a real root of (4.6). Taking 4, = 0, the characteristic equation (1.5) is

) ) )
5{1+%e 2}:[4%&—4%e—6)5—%5e 2 +(2%e2—2%e—8)—%e 2, 4.7)

Therefore, we see thato = &, =—2 is a real root of (4.7). Then, for A, =0 and &, =—2 the characteristic
equation (1.18) is

7 7
7/[1+ielZJ:(iez—ie—6j+4—1£el2, (4.8)

and we find that y = y, = —1.3101 is a real root of (4.8). Corresponding to the roots A, =0, 6, =—2 and
7, =—1.3101, the conditions of Corollary 3.2 are satisfied. That is,

8y =—2#0, 7, =-1.3101=0 y, = -5,
and
Mo 6070 = Ho,-2,-13101 = 0.1345e? ~0.99383 <1.

Since 4, =0,4, +0, =—2<0and 4, +J, +y, =—3.3101 < O the zero solution of (4.5) is stable.

References

[1] Bellman, R. and Cooke, K., 1963. Differential-difference equations. New York: Academic Press.

[2] Driver, R. D., 1977. Ordinary and delay differential equations. New York: Springer-Verlag.

[3] El’sgol’ts, L. E. and Norkin, S. B., 1973. Introduction to the theory and application of differential equations
with deviating arguments. New York, London: Academic Pres.

[4] Hale, J. K. and Verduyn Lunel, S. M., 1993. Introduction to functional differential equations. Berlin,
Heidelberg, New York: Springer.

[5] Kolmanovski, V. and Myshkis, A., 1992. Applied theory of functional differential equations. Dordrecht:
Kluver Academic.

[6] Lakshmikantham, V., Wen, L., and Zhang, B., 1994. Theory of differential equations with unbounded
delay. London: Kluwer Academic Publishers.

[7] Philos, C. G. and Purnaras, I. K., 2001. "Periodic first order linear neutral delay differential equations."
Applied Mathematics and Computation, vol. 117, pp. 203-222.

[8] Philos, C. G. and Purnaras, I. K., 2004. "Asymptotic properties, nonoscillation, and stability for scalar first
order linear autonomous neutral delay differential equations." Electronic Journal of Differential Equations,
vol. 2004, pp. 1-17.

[9] Philos, C. G. and Purnaras, I. K., 2006. "On the behavior of the solutions for certain first order linear
autonomous functional differential equations.” Rocky Mountain J. Math, vol. 36, pp. 1999-2019.

[10] Philos, C. G. and Purnaras, I. K., 2007. "Behavior of the solutions to second order linear autonomous delay
differential equations.” Electronic Journal of Differential Equations, vol. 2007, pp. 1-35.

[11] Yenigerioglu, A. F., 2007. "The behavior of solutions of second order delay differential equations." Journal
of Mathematical Analysis and Applications, vol. 332, pp. 1278-1290.

38



Academic Journal of Applied Mathematical Sciences, 2017, 3(3): 21-39

[12] Cahlon, B. and Schmidt, D., 2006. "Stability criteria for certain third-order delay differential equations."
Journal of Computational and Applied Mathematics, vol. 188, pp. 319-335.

[13] Cahlon, B. and Schmidt, D., 2005. "Asymptotic stability of amechanical robotics model with damping and
delay." Journal of Mathematical Analysis and Applications, vol. 303, pp. 36-53.

[14] Afuwape, A. U. and Castellanos, J. E., 2010. "Asymptotic and exponential stability of certain third-order
non-linear delayed differential equations: Frequency domain method.” Applied Mathematics and
Computation, vol. 216, pp. 940-950.

[15] Engelborghst, K. and Rooset, D., 2003. "On stability of LMS methods and characteristic roots of delay
differential equations.” SIAM Journal on Numerical Analysis, vol. 40, pp. 629-650.

39



