Academic Journal of Chemistry gR
ISSN(e): 2519-7045, 1SSN(p): 2521-0211
Vol. 5, Issue. 6, pp: 58-68, 2020

URL.: https://arpgweb.com/journal/journal/20
T — DOI: https://doi.org/10.32861/ajc.56.58.68

Academic Research Publishing
Group

Original Research Open Access

Continuity Relations, Probability Acceleration, Current Sources and Internal
Communications in Interacting Fragments

Roman F. Nalewajski értic_le :Ii_istory
Department of Theoretical Chemistry, Jagiellonian University, Gronostajowa 2, 30-387 Cracow, Poland ecelved: May 9, 2020

. . - Revised: June 16, 2020
Email: nalew: hemia.uj.edu.pl '
ail: nalewajs@chemia.uj.edu.p Accepted: June 18, 2020

Published: June 25, 2020

Copyright © 2020 ARPG
& Author

This work is licensed
under the Creative
Commons Attribution
International

7

@m CcC

BY: Creative Commons
Attribution License 4.0

Abstract

Classical issues of local continuities and density partition in molecular quantum mechanics are reexamined. An effective
velocity of the probability current is identified as the current-per-particle and its properties are explored. The local
probability acceleration and the associated force concept are introduced. They are shown to identically vanish in the
stationary electronic states. This acceleration measure also determines the associated productions of physical currents,
e.g., the local source of the resultant content of electronic gradient information. The probability partitioning between
reactants is revisited and illustrated using the stockholder division rule of Hirshfeld. A simple orbital model is used to
describe the polarized (disentangled) and equilibrium (entangled) molecular fragments containing the distinguishable and
indistinguishable groups of electrons, respectively, and their mixed quantum character is emphasized. The fragment
density matrix is shown to determine the subsystem internal electron communications.

Keywords: Continuity relations; Current productions; Density partition; Fragment entanglement; Probability acceleration;
Stockholder division.

1. Introduction

Several intuitive concepts of chemistry still require more rigorous definitions within the molecular quantum
mechanics (QM). Indeed, the exact semantics of chemical bonds, the entangled quantum subsystems, atoms-in-
molecules (AlIM), reactants and molecular fragments in general still escapes an exact description, e.g., [1-4]. The
interacting molecular pieces, fragments of both the polarized and equilibrium stages in reactive complexes, are
described by the mixed quantum states, which require an ensemble description invoking the density operators and
density matrices of embedded quantum subsystems [5-9]. The chemical concepts and principles escaping exact
definitions in QM, e.g., AIM, and general reactivity rules can be alternatively approached using modern Density
Functional Theory (DFT) [10-15] and Information Theory (IT) [16-23], e.g., [1-4, 24-33]. The former constitutes an
alternative exact theory for determining the reaction energetics, while the latter can be regarded as a supplementary
interpretative framework facilitating the chemical understanding of molecular structures and processes.

For example, IT provides a solid theoretical basis [1-4, 24-28] for the intuitive stockholder AIM of Hirshfeld
[34]. The Orbital Communication Theory (OCT) of the chemical bond [1-4, 35-45] has facilitated an alternative IT
interpretation of the bonding pattern in molecules and its covalent (communication noise) and ionic (information
flow) composition. This approach has also identified the bridge chemical interactions between AIM [46-51], realized
via the cascade propagations in molecular information systems, through the orbital intermediates. The nonadditive
gradient information of Fisher [16, 17, 33] has been linked [52] to the Electron Localization Function [53-55] of
DFT, and resulted in the contragradience (CG) probe for identifying and localizing chemical bonds [1-4, 56].

It is the main purpose of the present analysis to reexamine the continuity relations in QM, resulting from the
fundamental Schrédinger equation (SE) for the dynamics of quantum electronic states. The corresponding equations
for the modulus and phase components of molecular wavefunctions will be derived and interpreted as the associated
continuity relations. The effective velocity of probability “fluid”, measured by the probability-current per particle,
will be used to define fluxes of physical properties. In such an approach the system electrons are thus acting as
carriers of the property densities. The probability acceleration and force concepts will be related to the quantum
phase production, which identically vanishes in the stationary quantum states. It will be shown that it also determines
the quantum sources of the property currents, e.g., of the resultant gradient information related to the kinetic energy
of electrons, which combines the classical (Fisher) and nonclassical (phase/current) contributions. The probability
partitioning between reactants will be illustrated using the stockholder division rule of Hirshfeld. As an illustration
the simple orbital model will be used to explore the probability densities in the polarized (disentangled) and
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equilibrium (entangled) molecular fragments containing the distinguishable and indistinguishable groups of
electrons, respectively, and their mixed character in the pure quantum state of the whole reactive system will be
emphasized.

2. Probability Velocity Descriptor

Due to Heisenberg’s Uncertainty Principle the sharply specified particle location of the position-representation
precludes the precise specification of electronic momentum. Therefore, only an effective measure of the latter,
consistent with the probability-flux definition, is available in QM. In continuity considerations the quantum current-
per-particle measure, which itself combines the incompatible position and momentum variables, appears as a natural
choice for such an effective local “velocity” descriptor of the probability “fluid” [9, 57-63] (see also Appendix A). In
this section we briefly reexamine the quantum justification of this concept and its applicability in local continuity
considerations.

For reasons of simplicity let us examine the quantum state at time t, [y(t)), of a single electron: N = 1. It defines
the complex wavefunction in the position representation,
yAr, 1) = (riy () = R(r, t) exp[igr, )], 1)
where the real functions R(r, t) and ¢(r, t) denote its modulus and phase components, respectively. The square of the
former determines particle probability distribution, the state expectation of the position projection P, = |r){r| = p(r),
the quantum operator for the particle position probability density,

p(r, £) = Qu@OIN(riw (D) = (w®IPMIw(R) = yAr, H) vAr, ) = R(r, 17 = iy () (u®I) = (rPy|n), )
while the gradient of the latter defines an effective “velocity” of the probability “fluid”:
V(r, t) = j(r, )/p(r, t) = (BIm) V{@2i) In[yAr, )/ v (r, )]} = (BIm) V4, t) = dr(t)/dt. ?3)

This probability velocity thus measures the density-per-electron of the density flux j(r, t) (see also Appendix A).
The latter reflects the state quantum expectation of the (Hermitian) current operator involving the symmetrized
product of (nhoncommuting) operators of the particle probability density, p(r) = P,, and the local velocity operator in
position representation, reflecting the particle momentum per unit mass, V = p/m,

j(n)=@m)*[P,p+pP]=2"[p(r)V + Vp(r)]. (4)
The position representation of the velocity operator thus reads:

mXrip|ry=m7p(r, ©) = (VY = V(r, ©)=—iatm Sr—-r) V, = &r'—r) [p()/m] = &r’—r) V(r). (5)

It gives the associated representations of actions of the momentum and velocity operators on state vectors:

(rplwAt)) = =ik [dr(rp|r )y (t)) = =ik Jdr Xr—r) Vey(r', ) = =ik Vey(r, ) = p(r) w(r,1),  and (6)

V() = =ih mde(rple ) jp (@) = —imm ™ dr V(r, r)y(r, ©) = —iim™ V,u(r, t) = V(r) (1, 1). (6b)

Therefore, p(r) = —iAV, and V(r) = —(i#/m) V, stand for the local momentum and velocity operators acting on the
wavefunction yAr, t).

The expectation value of the current operator of Eq. (4) finally reads:

i, ) = w® M) = [/mi)] [yAr, 1) VyAr, ©) — w(r, ) Virr, £)] = (/) p(r, ) VAT, 1) = p(r, t) V(r, 1). )
For the sharply specified location of an electron at r’ = r (the certain event), when y(r’, t) = (r’|r) = &{r’-r), and
hence also p(r’,t) = &r’-r), the associated current distribution indeed reflects the particle local velocity:
jir, ) = Xr=nV(r,t) = (A/m) Xr-r) VAr, t) = V(r, r’;t).

For the continuity laws of the next section it is of crucial importance to distinguish between a reference frame
moving with the fluid particles (Lagrangian frame) and a reference frame fixed to a prescribed coordinate system
(Eulerian frame). The total derivative d/dt is the time change appearing to an observer who moves with the fluid
particle; the partial derivative o/ét is the local time rate of change observed from a fixed point in the Eulerian
reference frame. These derivatives are related to each other,
didt=dlot+ V-V,
where V-V represents the “convection” term.

In the Schrodinger dynamical “picture” the state vector |y(t)) introduces an explicit time-dependence of the
system wavefunction, while the dynamics of the representation basis vector |r(t)) is the source of an additional,
implicit time-dependence due to the moving reference/monitoring point. This separation applies to wavefunctions,
their components and expectation values:

y(r ) = r@v®) = wr(t). t],  R(r, ) =R[rt), tl  &r,t) = Ar(), t],

p(r,) =plr®). t,  j(r,t) = u@OUIrOTw (@) =jlr). t], V(. t) = V[r(), t].

3. Continuity Relations

The Schrodinger dynamics of state vectors or the associated wavefunctions also determines time dependencies of
their components (see Appendix B) and the associated average physical descriptors, quantum expectations of
corresponding observables. All these time evolutions follow directly from the molecular Schrédinger equation (SE),

iAoy (t))/at = Hy(t), (8a)
or the associated dynamics of wavefunctions in the position representation,

in oy(r, t)lot = H(r) yAr, t), (8b)
and its complex conjugate. Here the energy operator

H(r) = = [7#/(2m)] A + v(r) = T(r) + v(r) 9)

stands for the Coulombic Hamiltonian of an electron moving in the external potential v(r) due to the system fixed
nuclei, and T(r) = p(r)%(2m) , denotes its kinetic part.
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The corresponding time evolutions of the scalar fields

f(r.t) € {yAr, 1), R(r, 1), &1, 1), p(r, )}, (10a)
with the associated current definitions

jf(r, t) = f(r, t) V(r, t), (10b)
can be ultimately cast in forms of equations expressing the local continuity of the distribution in question:

of(r, t)/ot = =V- ji(r, 1) + ox(r, 1). (12)

It involves the negative divergence V-j(r, t) of the current density and its source contribution o(r, t) = dffr(t), t}/dt,
the total time derivative of the density f(r, t) = f[r(t), t], respectively reflecting the property local outflow and
production terms. Expressing the local source of the classical density f(r, t) in terms of the explicit and implicit time
contributions then gives:
oi(r, t) = df[r(t), t}/dt = of(r, t)/ot + [dr(t)/dt] - [of(r, t)/or] = of(r, t)/ot + V(r, t) -VI(r, t). 12)

In accordance with the Ehrenfest principle of QM the above classical expression for the total time-derivative of
the property density f(r, t) should be also satisfied by the corresponding quantum expectations, e.g., the probability
distribution p(r, t) of Eq. (2), the current density j(r, t) of Eq. (7) and effective velocity measure of Egs. (3) and (7):
op(r, t) = dp[r(t), t}/dt = op(r, t)/ot + V(r, 1) - Vp(r, t). (13)
Here, the total derivative dp[r(t), t]/dt reflects variations in time of the probability density at the position r(t)
“moving” with the flux velocity V(r, t), while op(r, t)/ot corresponds to the fixed point in space.

It directly follows from SE of QM that the probability density p(r, t) obeys the following continuity relation

(see Appendix B):

op(r, t) = dp(r, t)/dt = op(r, t)/ot + V-j(r,t) =0  or (14)
op(r, t)/ot = =V-j(r, 1). (15)
It confirms the sourceless character of this distribution:

op(r, ) = dp(r, ty/dt = 0. (16)

Therefore, the balance equation for electron density o(r, t) = Np(r, t), for N > 1, and the associated definition of
electronic-current

J(r, 1) = Nj(r,t) = p(r, ) V(r, 1) (17)
reads:
Nop(r, t)/ot = op(r, t)/ot = — V- J(r, 1). (18)

In the right-hand-side of the preceding equation, the current divergence term denotes the local outflow part and
o,(r,t) = Noy(r,t) = 0 reflects the vanishing local production of electron density. Indeed, the overall electron number
N must be conserved, since the particles are neither “created” nor “destroyed”:
on=lo,r,)dr=Nfo(r,tydr=0 =  oy(r,1)=0. (19)

A direct consequence of this quantum probability continuity is the vanishing divergence of the velocity field
[57-63], related to the phase-Laplacian:
V-V(r, t) = (A/m) Ag(r, t) = 0. (20)
This can be directly demonstrated by separating in the probability density the explicit time-dependence, due to the
state-vector itself, from that due to the particle changing position in the reference vector of the scalar product
defining the state wavefunction: p(r, t) = p[r(t), t]. The relevant differentiation rule then gives:
dp(r, Y)/dt = op[r(t), t]/ot + [dr(t)/dt] - Op[r(t), t]/or == V-j(r,t) + V(r,t)-Vp(r,t)

= — [V(r,t)-Vp(r, t) + p(r, t) V-V(r, t)] + V(r, t) -Vp(r,t) = — p(r,t) V-V(r,t) = 0. (21)

The preceding equation thus indeed implies Eq. (20) or Ag(r,t) = 0.

Consider next the (nonclassical) production oyr, t) of the state phase in the continuity equation for this
component,

O, t)Iot = =V-j[r, 1) + or, 1), (22)
where:

jAr )= Ar, ) V(r,t)  and (23)
V-idr 1) = Vr, ) - V(r, t) = (B/m) [V &r, H)]*. (24)
The phase-dynamics equation (see Appendix B),

O r, t)lot = [Al(2m)I{R(r, 1) "AR(r, t) — [VAr, )]*} — v(1)/A, (25)

follows directly from SE and its complex conjugate. It eventually determines the following density of the
(nonvanishing) phase production in Eq. (22),
or, ) =ddr(t), tJ/dt = o, t)/ot + V(r,t) -V r, t) = O, t)/ot + (/m) [V r, )]

= [rI2m)I{R(r, ) "AR(r, 1) + [V AT, )%} — v(r)/A. (26)

4. Probability Acceleration and Current Sources

In the local velocity-source the moving-reference correction of the partial time derivative identically vanishes:
ou(r, t) = dV[r(t), t)/dt = oV(r, t)/ot + V(r,t) V-V(r, t) = oV(r, t)/ot. 27)
These velocity derivatives provide a natural measure of the local “acceleration” of probability fluid,
a(r, t) = dr(t)/dt® = a(r, t) = dV(r, t)/dt = (/m) d/dt [V 4(r, t)] = (AIm) V o1, 1)

= oV(r, t)/ot = (/m) olet [V (r, t)] = (A/m) V[ogr, t)/at], (28)
where we have recognized that differentiations with respect to different variables “r” and “t” commute. This
probability acceleration descriptor thus reflects the gradient of the phase-source oy(r, t), equal to that of the partial
derivative of the local phase-dynamics. It also generates the associated local “force”,
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F(r,t) = ma(r,t) = -VW(r, t), (29)
the negative gradient of the underlying probability potential W(r, t). The phase source of Eq. (26) eventually
generates the following probability acceleration density of Eq. (28):

a(r, t) = (a/m) V{[#/(2m)] R(r, t) "AR(r, t) — v(r)/7:}

= [1mA]R(r, ) {V3R(r, 1) — [VINR(r, )] AR(r, )} — Vv(r)/m, (30)
A reference to Eq. (29) finally gives the following probability potential:
W(r, t) = v(r) — [A%(2m)] R(r, ) *AR(r, t). (31)
As an illustration let us consider the stationary state of an electron,
Y(r, 1) = R¥(r) exp(—iE*t/A) = R¥(r) exp(-ia't), (32)

corresponding to the sharply specified energy E° and exhibiting the time-independent probability distribution p°(r) =
R(r)?. It satisfies the stationary SE, the eigenvalue problem of the Hamiltonian:

H(r) R(r) = {~[A/(2m)] A + v(D}R(r) = E°R%(r)  or (33)
— [#%12m)] R¥(r, t) *ARY(r, t) = E° — v(r). (34)
This stationary state thus gives rise to a constant probability-potential reflecting the system local energy,

W(r, t) = R°(r) "H(r) R%(r) = E°, (35)
and hence the vanishing probability acceleration and force:

F(r,t) = a(r,t) = 0. (36)

This confirms the equilibrium character of p°(r), since the vanishing forces do not create any perturbations for a
change in this stationary distribution.
Due to a common velocity component in property currents {js(r, t) = f(r, t)V(r, )}, the probability acceleration
also enters into expressions for their local sources:
ajf(r, t) = dji(r, t)/dt = o(r, t) V(r, t) + f(r, t) a(r, t). (37)
For example, the effective probability “acceleration” of Egs. (28) and (30) subsequently determines the
corresponding local sources of the probability- and phase-currents:
a;(r,t) = dj(r, ty/dt = p(r, t) a(r, t), (38)
ai’(r, ) = djr, ty/dt = o{r, \V(r, 1) + Kr, 1) a(r, t), (39)
where we have recognized the zero probability-production of Eq. (14) and a nonvanishing phase-source of Eq. (26).
Elsewhere [8], we have demonstrated that a(r, t) also generates the local source of the state resultant gradient-
information combining the classical (modulus/probability) and nonclassical (phase/current) contributions:

ILyAB)] = — 4CpOIAIyA1) = Ip(r, t) I(r, t) dr = BMVA) (p(®)[T| A1) = o T[A()]. (40)
As indicated above, this IT measure also reflects the state average (dimensionless) kinetic energy of electrons,
TLw(t)] = [721m)I{IVR(r, O] + p(r, t) [V (r, ]} dr, (41)
and exhibits the density-per-electron

I(r, t) = [VInp(r, )]? + 4[VAr, OF = 4{[VInR(r, t)]* - [iVAr, )]°} (42)
combining contributions due to the real and imaginary components of the wavefunction logarithm:

Iny(r, t) = INR(r, t) + igr, t). (43)

The net production of this generalized Fisher-type density of the state overall information content has a purely
nonclassical origin,

oi(r, t) = di(r, t)/dt = oI(r, t)/ot + V-ji(r,t) = 8VAr, 1) - Vo r,t) = (8m/k) VAr,t)-a(r, t), (44)
where the density of the resultant information current

Ji(r, t) = 1(r, ) V(r, t) (45)
determines its divergence

V-ji(r, t) = (BIm) VI(r, t) -V, t). (46)

To summarize, the classical physical descriptor of the particle probability density exhibits the vanishing source,
while the nonclassical distributions of the state phase or current density give rise to finite source contributions in
their continuity equations. In resultant descriptors of the state overall information/entropy content they ultimately
generate finite production terms due to their phase contributions.

We have also demonstrated that the ground state w,® = yp of an electron implies its stationary probability
distribution pg’(r, t) = po(r) corresponding to a constant probability potential, Wy(r, t) = Eo, and hence also the
vanishing probability acceleration and force:
aOSE dp = FQSE Fo=0. (47)
Moreover, by invoking the Hohenberg-Kohn theorem of DFT [10], this electronic density uniquely identifies the
electronic Hamiltonian, H = H[pg], and the electronic energy: Ey = E,[po]. It also follows from Egs. (35) and (36) that
the state “stationary” character can be effected by the requirement of the vanishing probability acceleration, i.e., the
constant phase-source in Eq. (26) and hence also the vanishing local production of the resultant gradient information.

5. Partition/Combination Rules

Consider the partition of electron density p(r) = Np(r) in a molecule containing [p(r)dr = N (integer) electrons
into pieces {p,(r) = N, p(r)} containing {/p.(r) dr =N, (fractional)} electrons in constituent fragments,
AN = Zapolr) = Za Noplr),  Ipr)dr=1, (48)
e.g., the substrate/product subsystems in reactive system. This additive density partition scheme can be reversely
interpreted as the associated combination rule for reconstructing the “molecular” electron distribution from its
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fragment densities. For definiteness, in what follows we refer to the acidic (A) and basic (B) reactants X € (A, B) in
the acceptor-donor reactive complex R = A----B:
PR(1) = Nrpr(r) = pa(r) + pa(r),  px(r) = Nxpx(r),  2x Nx = Ng. (49)
Any division of the “molecular” electron density pr(r) implies the associated partition of its (normalized)
probability factor pg(r), [pr(r) dr = 1, the shape-factor of electron density, into the internally normalized subsystem
distributions {px(r), Jpx(r)dr=1},
Pr(r) = Papa(r) + P pa(r), (50)
where the condensed fragment probabilities {Px = Nx/N}. The overall probability normalization then indeed reflects
the combined normalizations of the global {Px} and local {px(r)} probability factors of subsystems:
Ip(r) dr = Yx Px [Jpx(r) dr] = Xx Px = 1. X L (51)
The (mutual) opening of both fragments in the equilibrium reactive system R™ = (A | B'), where the vertical
broken line symbolizes the freedom for electron flows between subsystems, generally establishes the fractional
numbers of electrons in subsystems, {Nx = Jpx (r)dr}, corresponding to equilibrium subsystem distributions { px (r) =
Nx px ()}. The openness of both fragments implies that their electrons explore the whole “molecular” probability
distribution pg(r), so that all such particles become indistinguishable. The probability distributions of such
equilibrium fragments thus equalize at global probability distribution for the complex as a whole:

{px (N =pa(} or {ox(r) = Nx pr(N}. (52)
The cgmbination*rule then indeed reconstructs the “molecular” probability density:
Papa (r) + Pgps () = (Pa + Pg) pr(r) = pr(r). (53)

As an illustrative example consider the “stockholder” partitioning,

2 = () Lor() (1] = o (1) wa(r) = [ox (1) ()] or(r) = 5x(r) or(r),

Pa"(r) + pa"(r) = pr(r), (54)
where wg(r) and sx’(r) denote the molecular “enhacement” and the fragment “share” factors, respectively. In this
Hirshfeld (H) [34] scheme, which was shown to have a strong IT justification [1-4, 24, 26-28], all isolated reactant
densities {ox°(r)} are locally enhanced “molecularly”, and each fragment participates in the local “profit” pr(r)
proportionally to its “share” sx’(r) in the “promolecular” reference consisting of the “frozen” densities of isolated-
subsystems {X°} shifted to their positions in the “molecular” reactive complex R. This isoelectronic reference
distribution
pR(0) = pa’(0) + ps°(N) =Npe'(r),  [pe’(r)dr = [p(r) dr =N, (55)
represents the system “promolecule” R® = (A° | BY) consisting of the isolated-reactant densities shifted to their
molecular locations at the current stage of the reactant approach. This reference also defines the associated
condensed probabilities {Px’ = Nx/N} and subsystem distributions:

{px’(N) = pC(NINGY, Nx® = [p(r) dr (integer). (56)

The internally-normalized probability distributions of the Hirshfeld reactants {X"} then read:

px'(1) = o (NINK = [ NN T We(r) = 5°(r) Lor(r)/NK],

N = [ dr, - Jpindr=1, X=AB. (57)
Their molecularly-normalized analogs,
px(r) = px (NN = Py [px(1)/Nx"] = P px(r) = Px° [ox"(1)/Nx’] = [Px’ px ()] we(r), (58)
are thus normalized to subsystem condensed probabilities in the whole reactive system:
[px(r) dr = Nx"IN = PyH. (59)
They fulfil the probability-combination rule of Eq. (50):
Tx px(r) = Zx P px (1) = [Zx px" (1N = pr(r)/N = pr(r). (60)

6. Polarized and Equilibrium Subsystems

As an illustration consider the familiar orbital description of the simplest model of the density-reconstruction in
the donor-acceptor system, at polarization R* = (A*|B") and equilibrium R* = (A"! BY) reaction stages, respectively,
schematically illustrated in Fig. 1. These complexes respectively consist of the mutually closed and open basic (B)
and acidic (A) reactants. For simplicity reasons, let us assume the isolated reactants containing a single electron
each: Na° = Ng¥ = 1. The interacting fragments can be either entangled (e) (bonded), when they represent pieces of
the quantum system described by the pure “molecular” state of the whole complex, or disentangled (d) (nonbonded),
when each subsystem is in its own quantum state, pure or mixed. The two electrons in R(1, 2) are indistinguishable,
while those in R*(1, 2) represent the distinguishable electrons: R*(1, 2) = [A*(1) | B*(2)]. For example, in a diatomic
A----B system the wavefunction of the entangled atoms-in-molecules (AlIM) is constructed using Slater determinants
built from the occupied delocalized molecular orbitals (MO) (Fig. 1a), while the disentangled species are described
by the Hartree products of the occupied localized atomic orbitals (AO) (Fig. 1b).
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Figure-1. Schematic profiles of the delocalized MO (Panel a) and localized AO (Panel b) electron distributions in the diatomic entangled R™ =
(A"B") and disentangled R* = (A"|B*) donor-acceptor systems combining the base (B) and acid (A) reactants

In adopted (ground-state) orbital model the entangled (indistinquishable) electrons of R*(1,2) = (A™! B") are thus
described by the antisymmetrized product of the two molecular spin-orbitals, while the (interacting) disentangled
fragments of two (distinguishable) electrons in R*(1, 2) = [A"(1) | B*(2)] correspond to product of the substrate atomic
orbitals (AO) dependent on their internal coordinates. The wavefunction of the bonded (entangled) substrates can be
thus approximated by the Slater determinant of two spin-paired (delocalized) states derived from a single (doubly-
occupied) MO (see Fig. 1a),

v (@=wnelo) and y(@=wnAo)}  wr)=R()expligr)], (61)
where o(o) and (o) stand for two admissible spin states of an electron, corresponding to spin orientations o= +%/
and o= —%#, respectively. In such a two-particle (singlet) state,
" (2) = [y v = ) W) {27 [ e) (02) — o 0) Blon)]} = R(ra) R(r2) exp{il (1) + &(r2)1} U(on, o), (62)
each electron corresponds to the “molecular” modulus and phase components, generating the common probability
p(r) = R(r)? and current j(r) = (A/m) p(r) V (r) descriptors of the whole reactive system. Each entangled subsystem is
thus characterized by the “molecular” probability and phase distributions of R as a whole:
pa(r) = Pe(r) = p() =R’ =pr(r)  or  pa'(r) = NAPR(r), ps"(r) = No pr(r),
Na =Na"+Ner,  Ng =Ng’—Ner,  da(r) = éa(r) = 1) = ¢r(r). (63)
This entangled state thus predicts the following rule for combining electronic currents of subsystems exhibiting the
equilibrium condensed probabilities {Px = Nx /N}:
JR(r) =Pa ja'(r) + P.{ jBe([) = (/M) [Pa” pa(r) Vga(r) + Pg” pa(r) Vés(n)]

= (AIm) pr(r) (Pa + Pg )V (1) = jr(r). (64)

The disentangled subsystems of R*(1, 2) = [A*(1) | B*(2)] similarly correspond to the product of the fragment
spin-paired (localized) AO states (Fig. 1b),
ox(r) = Rx(r) exp[ifx(r)], X=A,B,

#:(2) = pa*(r1) s (r2) = Ra(ry) Re(r2) exp{ilfa(rs) + fa(r)1} = a(01) A(o2). (65)
Each fragment/electron in this nonbonded state thus exhibits separate modulus and phase components of its AO
wavefunctions, thus generating different probability and current distributions in each polarized subsystem:

Pa(r) = Ra(r)* = pe(r) =Re(r)’  and  fa(r) = fa(r). (66)
The average resultant probability current in R*(1, 2),
JRY(N) = Pa"ja' () + Pg" j&'(r) = (/M) [PA’ pa(r) VIa(r) + Pe’pa(r) Via(N]l,  {Px" = Px’ = Nx’IN}, (67)

thus cannot be related to any “molecular” probability or phase distributions, describing the whole system.

7. Communications in Interacting Subsystems

In describing the interacting subsystems it is useful to apply the density matrix formalism of QM [5, 6].
Consider again the acid and base reactants in the polarized complex R* = [A"(x) | B*(&)] of the equilibrium mutually-
closed acceptor (acidic A) and donor (basic B) reactants, where x and & denote their corresponding internal
coordinates. For example, in the topological, physical-space partitioning of the molecular electron density, into
pieces belonging to separate basins of the physical space [64], these coordinates describe the disjoint sets of the
position variables in these exclusive regions of space, while in the functional-space division schemes, e.g., the
stockholder partition of Hirshfeld [34], each of these coordinates explores the whole physical space of particle
positions in the separate groups of electrons attributed to reactants.

The physical properties of such subsystems are represented by the quantum operators acting on the fragment
internal degrees-of-freedom. For example, the interacting-fragment Hamiltonians {Hx(Nx)} act on the position
variables of Ny electrons belonging to X. The stationary subsystem states in A, the eigenstates of Ha(Na) = Ha(x),
Ha(X) x(x) = Es(A") @a(x), (68)
form the complete set
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9(A) = {a(A) = Ry(A) exp[i&(A)] =<xIs(A)) }
capable of expanding the pure quantum state y(x, &) of the reactive system as a whole:
Px 9 =T () D, (Y = (x) px, § dx = (S(A) ). (69)

The quantum operator of the physical property L(A) of subsystem A* acts only on variables x: L(A) = L,. Its
expectation value in “molecular” state y(X, &) then reads:

Ly =W (% & Loy, Y dx dé= XX [Jo (&) @(9 d [ (%) L () 0]
=225 A5 (A) Les (A) = tralp(A) L(A)]. (70)

Here p(A) = {pss(A)} stands for the density matrix of subsystem A*(x), already integrated over coordinates of
electrons in the complementary subsystem B*(&). In the position representation this effective description of quantum
state of molecular fragment can be itself interpreted as the trace over the product of “molecular” and subsystem
kernels:
pes(A) =10 @ (9 de= HlTwx, 9 v (x°, 9 dd [ (x*) " ()] dx’} dx

= {[lo, (%, x*) 2 5(x*, x) dx’] dx = tr[o,, Qa]. (72)
This partial trace concept enables one to calculate the ensemble average of the subsystem property L(A) as if this
part of R* were isolated, being in the effective mixed state defined by the subsystem density matrix p(A) in the
(discrete) representation {@s(A)} [7].

In accordance with the Superposition Principle (SP) of QM [66], the expansion coefficient @& = (S(A)y)a
generates the amplitude of conditional probability of observing the fragment state |S(A)) in the molecular state |y). It
determines the amplitude of the diagonal communication between the input and output state |s(A)) of the fragment
internal communication system,

A[s(A)->s(A)ly] = [2(9 (9 dé= po(A)

= Ks(A)w)a yIs(A)a dE= (S(A))WIS(A)) = (S(A)IPy[S(A)) = Aa(s—s]y), (72)
reflected by the associated conditional probability of this electronic communication:
Pa(S—sIy) = [ (A = [Aa(s—8IW)I” = KS(A) Py [S(A))a (S(A)Py[s(A))a dE

= (S(A)IPyPs(A)Py[s(A)) = (S(A)Ps(y)IS(A))- (73)
The off-diagonal elements of the fragment density matrix p(A) have an analogous communication interpretation:
pos(A) = 109 D7(9 dE= (S(A)W)a WIS (AN = (S(A)P[S*(A)) = Aa(s—|y), (74)
PA(S—S'[W) = a5 (A = [Aa(s—sIy)* = (S(A)I[PyIS’(AXS (AP ]IS(A))

= (s(A)IPs(w)[s(A)) = (s’ (A)[Ps(y)[s’(A)). (75)

This molecular probability link between the “input” (S) and “output” (S’) stationary states of subsystem A, thus
represents the quantum expectation in the input (output) state of the effective projector onto the fragment output
(input) state, respectively. These probabilities exhibit the following “input” and “output” normalizations,

25 Pa(sos’ly) =P[S’(A)ly]  and X Pa(s—s’|y) = P[s(A)|v], (76)
since the fragment basis is complete, > [s(A))(s(A)| = 1, and the pure-state projection is idempotent: sz =P,.

Such internal communications in molecular subsystems eventually generate the IT descriptors of their patterns
of chemical bonds [1-4, 35-45]. In this communication theory of the chemical bond the conditional-entropy of the
network “output” states ¢’(A), given the specified “input” states ¢(A), describes the average “noise” in the internal
communications ¢(A)—¢’(A) in fragment A, which reflects its IT overall bond “covalency”. The complementary
mutual-information descriptor of this information scattering, measuring the network average information flow, then
reflects the system overall IT bond “iconicity”.

Writing Eq. (70) in the subsystem position representation,

(L) = llpa(x, x) (x°[Lyfx) dx dx, (77)
where (X’|Lyx) = LyXX’ —X), one obtains the following expression for the subsystem density matrix:

Pal, ) =Ty (X, & X, §dE= EFs ps(A) o () u(x) = LoD o 5(A) 2 5(%,X) = tralp(A) Qa(X, X)]. (78)
Its diagonal elements, for x =x’, determine the probabilities of “local” “events” in subsystem A:

P, X) = [y (x, &) p(x, d&=IP(x, & d&= pa(x), (79)
where P(x, & = |y(x, &)|? stands for the molecular probability of the joint “events” in both subsystems.

To summarize, the (interacting) subsystem in reactive complex R described by the pure quantum state of the
whole system cannot be described by a single wavefunction. They have to be instead characterized by the fragment
effective density matrices reflecting the associated (incoherent) mixtures of subsystem states. The above expressions
for the expectation values of subsystem operators in the fragment effective mixed quantum states are independent of
the applied representation. The corresponding dynamics of the reactant density matrices are also uniquely
determined by the molecular SE.

It should be also realized that the tensor product of subsystem spaces,

y = 9(A) ®9p(B) = {a(x) au(s) = yalx, O},

(il i) = () () IX] (D) (9 A = (@l psda (@l )s = & Gor = Gur,

Py = lw)Xyl = 2wPw=1, (80)
constitutes an alternative (orthonormal, complete) basis for expanding the given state y(x, &) of the whole system:
WYX, &) = 2w ‘//W(anf) Cu=yC, (*: =l = {*Cw =yl W)},

Co = [Ta() wlx, 9 dX] (& d=T (9 (9 d& (81)
The square of the above expansion coefficient then determines the conditional probability of observing in  the
product state 4

P(W¥) = [Cul* = (WPuly) = (walPylva, X P(WIY) = (W2 Puly) = (ply) = L. (82)
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These probabilities determine the system density operator in this fragment-state representation:

D(¥) = 2 | yaw) PWIY) (Wl = Lsia) 2uie) [95(A) 9u(B)) PWIY) (0u(B) s(A)]. (83)
It should be finally observed that such a mixed character of effective quantum states describing the interacting

molecular fragments also implies that one can associate with such subsystems only the ensemble-average state

descriptors. Therefore, for the (incoherent) statistical mixture of the product states of Eq. (80) defined by D(w) only

the ensemble average state components can be attributed:

(R(A)y = ZuPWY)Rs(A)  or  (R(B)), = 2w P(Wy) Ry(B), and

(AA)y = ZuP(WIY) A(A)  or  (HB)), = X P(WY) du(B). (84)

However, these embedded-fragment ensembles have been derived from the specified (pure) quantum state y(x, &) =

R(x, & exp[ig(x, &] of the whole “molecular” system, which represents their common quantum origin. The modulus,

R(x, &), and phase, ¢(x, &), components of this (parameter) reference state thus also describe its embedded subsystems.

8. Conclusion

In this analysis we have used SE of QM to derive the continuity relations for the molecular classical
(probability) and nonclassical (current) physical distributions, reflecting the modulus and phase components of the
state wavefunction, respectively. The probability distribution determines the electronic structure of “being”, while
the current density establishes the dynamic structure “of becoming” [67]. Both these physical distributions contribute
to the resultant measures of the entropy/information content of molecular electronic states [4, 68-71]. A nonvanishing
production term in the phase continuity equation then implies finite local sources of the resultant
information/entropy descriptors which combine the classical and nonclassical gradient contributions. The
complementary classical information and entropy measures of Fisher and Shannon have also been used to monitor
the progress of elementary chemical reactions [72-74].

It follows from the continuity relations that an effective “velocity” descriptor of the probability “fluid”,
identified as the local current-per-particle, exhibits the vanishing divergence reflecting the zero phase-Laplacian. It
subsequently determines the associated concepts of the probability “acceleration” and “force”, the negative gradient
of the probability potential, all related to the gradient of the quantum phase-source. It has been argued that in
stationary states the constant probability potential reflects the state local-energy, thus implying the vanishing
acceleration and force descriptors of the electron distribution.

The probability partition/combination problem has been briefly reexamined, and illustrated using the
stockholder principle of Hirshfeld, which has a solid justification in IT. The distinction has been made between the
hypothetical reaction stages consisting of the polarized (nonbonded, mutually-closed) and equilibrium (bonded,
mutually-open) substrates in donor-acceptor systems. In the disentangled subsystems of the polarized complex the
(mixed) quantum states of their (distinguishable) groups of electrons are linked to the localized subsystem
distributions and underlying fragment orbitals, while (indistinguishable) electrons in the entangled parts of the
reactive complex are described by the pure quantum state of the reactive system as a whole, constructed from the
delocalized molecular orbitals. This global quantum state also refers to its reactant pieces, both reflecting the
molecular probability distribution and characterized by the same molecular phase component. Each bonded
subsystem has to be described by the fragment density matrix.

3

Appendix A: An Effective Measure of Local Velocity

According to the Ehrenfest principle of QM the time dependencies of the expectation values of the position and
momentum operators follow the corresponding relations between the associated classical quantities. For example, it
follows from the Schrédinger dynamics that the average velocity descriptor,

V(1) = r(t))/dt, (A1)
where the average position at time t

(r()) = (pO)Irl () = Ip(r, ) r dr, (A2)
reflects the average momentum per unit mass:

V() = (i/a) {[H, r]) = (i/7) ([T, r]) = (p(t)y/m. (A3)
Moreover, the definition of Eqg. (A2) and the probability continuity of Eq. (14 ) give

(V(t)y = d(r(t))/dt = [{[dp(r, t)y/dt] r + p(r, t) [dr(t)/dt]} dr = [p(r, t) [dr(t)/dt] dr, (A4)

while Eg. (A3) reads [see also Eg. (3)]:
(p@)Ym = (—iAlm) [y (r,t) VyAr, t) dr = (ii/m) Jy(r, £) Vi (r, t) dr

= [a2im)] {ILy (r, ©) Vyr, ) = [yAr, ©) Vo' (r, ] dr = [j(r, t) dr = Jp(r, ) V(r, t) dr. (A5)
Therefore, comparing two preceding equations finally gives:
dr(t)/dt = V(r,t) = j(r, t)/p(r,1). (A6)

Appendix B: Schrodinger Equations for Wavefunction Components
Let us examine the dynamics/continuity implications of SE for the modulus and phase components of the
particle wavefunction. The molecular SE expressed in terms of wavefunction components reads:
i7i OyAr, t)/ot = iR [OR(r, t)/ot + IR(r, t) O(r, t)/ot] explig(r, t)] = H(r) yAr, t)
= [-722m) " {AR(r, t) + 2iVR(r, 1) -V (r, t) — R(r, t) [V(r, t)]°}+ v(r) R(r, )] exp(ig), (B1)
where we have used Eq. (20). Multiplying both sides of the preceding equation by exp(—i¢) and dividing by %R
finally gives the following complex relation:
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i INR(r, t)/6t — dg(r, t)/dt = — i (2m) {R(r, t) 'AR(r, t) + 2iVINR(r, t) -V (r, t) — [V &, )]*} + v(r)/. (B2)
Comparing the imaginary parts of the preceding equation generates the dynamic equation for the time evolution
of the modulus part of electronic state,

OInR(r, t)/ot = — (AIm) VA1, t) -VInR(r, t) = = V(r, t) -VInR(r, t), (B3)

which can be directly transformed into probability continuity Eq. (15):

op(r,t)/ot==V-j(r,t) or oy(r,t)=dp(r,t)/dt=0. (B4)
Equating the real parts of Eq. (B2) similarly determines the phase-dynamics of Eq. (25):

Ag(r, )/ot = h2m) " {R(r, ) AR(r, t) — [VAr, )17} - v(r)/A. (B5)

The latter equation also determines the phase-production o, t) = d(r, t)/dt= 0 [Eq. (26)] for the flux definition of
Eg. (23), in the phase continuity relation

OH(r, t)/ot = =V j(r,t) + o/, 1). (B6)
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